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Abstract: We compute a family of scalar loop diagrams in AdS. We use the
spectral representation to derive various bulk vertex/propagator identities, and these
identities enable to reduce certain loop bubble diagrams to lower loop diagrams,
and often to tree-level exchange or contact diagrams. An important example is the
computation of the finite coupling 4-point function of the large-N conformal O(N)
model on AdS3. Remarkably, the re-summation of bubble diagrams is equal to a
certain contact diagram: the D¯1,1, 3
2
, 3
2
(z, z¯) function. Another example is a scalar
with φ4 or φ3 coupling in AdS3: we compute various 4-point (and higher point) loop
bubble diagrams with alternating integer and half-integer scaling dimensions in terms
of a finite sum of contact diagrams and tree-level exchange diagrams. The 4-point
function with external scaling dimensions differences obeying ∆12 = 0 and ∆34 = 1
enjoys significant simplicity which enables us to compute in quite generality. For
integer or half-integer scaling dimensions, we show that the M -loop bubble diagram
can be written in terms of Lerch transcendent functions of the cross-ratios z and
z¯. Finally, we compute 2-point bulk bubble diagrams with endpoints in the bulk,
and the result can be written in terms of Lerch transcendent functions of the AdS
chordal distance. We show that the similarity of the latter two computations is not
a coincidence, but arises from a vertex identity between the bulk 2-point function
and the double-discontinuity of the boundary 4-point function.
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1 Introduction
There are several reasons why one would want to study quantum field theory on
AdS space [1–9]. AdS is a curved background which is maximally symmetric, thus
enabling to perform various calculations which are not possible in less symmetric
spaces. AdS acts like a box with an infinite volume, and it has a natural scale,
the AdS radius, which enables to study RG flows by varying the AdS radius. AdS
is conformally equivalent to flat space with a flat boundary, thus studying QFTs
on AdS can teach us about boundary conformal theories in flat space, [10]. Most
importantly, AdS is a great laboratory for studying quantum gravity, and it plays a
unique role in the gauge gravity duality [11–13].
In the AdS/CFT correspondence, the generating function for CFT correlators
is equal to the path integral in AdS with boundary sources. Thus the perturbative
AdS diagram expansion is equal to the 1/N expansion of CFT correlators. There has
been a large effort in computing scattering amplitudes in AdS, and much of this work
has been concerned with computing tree-level diagrams. AdS tree-level diagrams
have been computed in position space [14–23], and in momentum space [24–27].
There have been computations in Mellin space [28–35], embedding space [36, 37],
and computations employing the crossing and/or super-symmetry of the boundary
theory [38–46]. Loop diagrams in AdS are technically challenging, much more so
than flat-space amplitudes. This is partly due to the bulk-to-bulk propagators being
complicated hypergeometric functions of the AdS geodesic distance. Additionally,
momentum space is not as useful because of the absence of translation invariance. As
a result of this, there have been relatively very few computations of loop amplitudes
in AdS, and much fewer beyond 1-loop. For these reasons we believe that obtaining
analytic expressions for loop diagrams would be very interesting and useful.
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Let us discuss some of the literature on loop diagrams in AdS. [47, 48] showed
that the 1-loop bubble diagram (with no external legs) in AdS can be written as an
infinite sum of bulk-to-bulk correlators.[38] considered φ3 and φ4 on AdS at 1-loop,
and computed double trace anomalous dimensions γ
(2)
n,l and the Mellin amplitude.
[42] considered φ4 in AdS2, using crossing symmetry and the extremal functional
method they computed the 1 and 2-loop 4-point function.1. Brute force position
space computations of individual loop diagrams were done in [49–51]. Cutting rules
and unitarity methods in AdS are discussed in [52–54]. [55] considered 1-loop poly-
gon diagrams in AdS, e.g the 3-point triangle diagram, the 4-point box diagram, etc.
They used spectral/split representation methods to compute the pre-amplitude2 in
terms of the cross-kernel 6J symbol. [34, 35] used the spectral representation to derive
results about the Mellin space pre-amplitude and it’s singularity structure. The com-
putations in that work were rather systematic, which enabled to go to higher loops.
[56] computed the AdS3 1-loop 2-point bubble diagram in the spectral representation
by performing the spectral representation integrals. This result gives the correction
to anomalous dimension, and some of their results are generalized to spinning bub-
bles. In [57] we derived the 1-loop bubble diagram in spectral representation for a φ4
scalar3 in any d. More importantly, it was shown that the spectral representation,
analogously to momentum space for flat-space amplitudes, is ideal for re-summing
bubble diagrams. This observation enabled to derive the spectral representation of
the exact 4-point function for the large-N O(N) model and Gross-Neveu model on
AdS.
We will compute diagrams in position space, and we will focus on scalar fields in
AdS. Some of the computations hold in any dimension d, but most of them are done
for AdS3. In section 2 we review the spectral representation and write formulas for
the spectral representations for Witten diagrams, which will be used frequently in the
following sections. In section 3 we derive several bulk vertex/propagator identities.
These identities will be used to obtain relations between different classes of Witten
diagrams, and also to compute various loop Witten diagrams in terms of contact and
exchange diagrams. In section 4 we compute the finite coupling 4-point function in
position space for the conformal large-N O(N) model on AdS3. We first perform a
brute force computation of the conformal block expansion sum, which gives us an
explicit analytic result for the double-discontinuity of the 4-point function. Then
using a bubble identity, we compute the full 4-point function in terms of a contact
diagram (D¯1,1, 3
2
, 3
2
(z, z¯) function)! In section 5 we consider a scalar field on AdS3
with φ4 interaction, for the case of 4-point function with external scaling dimensions
∆12 = ∆34 = 0. We write down the conformal block expansion in terms of sums
of LegendreQ functions, and show that in very special cases one can perform the
1Note that [38, 42] obtain the crossing symmetric sum of diagrams, and not individual diagrams.
2The pre-amplitude is the integrand of the spectral integrals.
3For a ψ4 fermion, the bubble is derived in d = 1, 2.
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Figure 1. Left: The grey blob represents a general bulk two point function F (x1, x2),
with points x1 and x2. Other than that, the blob is completely general. Right: Attaching
4 legs to the boundary gives a CFT 4-point function g4(z, z¯). This class of diagrams has 2
bulk-to-boundary propagators attached to x1, and 2 attached to x2.
summation. In section 6 we likewise consider a scalar field in AdS3, but here for the
class of 4-point functions with external scaling dimensions ∆12 = 0 and ∆34 = 1.
Significant simplification occurs for this class of 4-point functions, which enables
us to compute in quite generality. The general contact diagram is a 2F1 function,
the exchange diagram is a 3F2, and the (∆ = 1) 1-loop bubble diagram is a 4F3.
More generally, for integer or half-integer scaling dimensions, we show that the M -
loop bubble diagram can be expanded in a basis of Lerch transcendent functions (i.e
generalizations of polylogarithms) of the cross-ratios z and z¯. In section 7 we compute
2-point bulk bubble diagrams with endpoints in the bulk. Once again, for integer
or half-integer scaling dimensions in the bubble, the M -loop bubble diagram can be
expanded in a basis of Lerch transcendent functions of the AdS chordal distance.
We show that the similarity of the latter two computations is not a coincidence,
but arises from a vertex identity between the bulk 2-point function and the double-
discontinuity of the boundary 4-point function. In section 8 we discuss the results
and future directions. In Appendix A we derive a few more useful vertex/propagator
identities. In appendices B - E we provide details of computations which were not
shown in the main text.
2 The Spectral representation
The spectral representation of 2-points in AdS encapsulates the symmetries of AdS,
and it is analogous to momentum space of Feynman diagrams, see e.g. [36, 57–
59]. One advantage of the spectral/split representation is that it enables (at least in
principle) to compute various classes of bubble diagrams [34, 35, 57]. [35] called such
diagrams ”generalized bubble diagrams”. In this work we will explicitly compute
bubble diagrams. Consider a function F (x1, x2) of two bulk points x1 and x2 in AdS,
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see Fig. 1-Left. One can expand this function in AdS harmonic functions4 Ων(x1, x2):
F (x1, x2) =
∫ ∞
−∞
dνF˜νΩν(x1, x2) , (2.1)
where F˜ν is the spectral transform of F (x1, x2), and ν is the spectral parameter. The
AdS harmonic function is:
Ων(x1, x2) =
iν
2pi
(
G d
2
+iν(x1, x2)−G d
2
−iν(x1, x2)
)
=
h− d
2
2pi
(
Gh(x1, x2)−Gd−h(x1, x2)
)
(2.2)
where G d
2
+iν(x1, x2) are bulk-to bulk propagators, h ≡ d2 + iν, and we always put the
AdS radius to be LAdS = 1. The bulk-to-bulk propagator of a scalar field with mass
M2 = ∆(∆− d) in AdSd+1 in position space is:
G∆(x1, x2) =
Γ∆
2pi
d
2 Γ∆− d
2
+1
ζ−∆2F1(∆,∆− d− 1
2
, 2∆− d+ 1,−4ζ−1) (2.3)
where ζ = (z1−z2)
2+(~x1−~x2)2
z1z2
is the square of the chordal distance between the two
points x1 and x2. The spectral representation of the bulk-to-bulk propagator is:
G∆(x1, x2) =
∫ ∞
−∞
dν
ν2 + (∆− d
2
)2
Ων(x1, x2) , F˜ν =
1
ν2 + (∆− d
2
)2
(2.4)
So the spectral representation in this case is a simple pole in the ν plane, plus it’s
shadow pole at iν → −iν. The spectral representation has the very useful property
that convolutions in position space become products in spectral space:∫
dd+1xf(x1, x)F (x, x2) =
∫ ∞
−∞
dνf˜νF˜νΩν(x1, x2) (2.5)
where f˜ν is the spectral representation of f(x1, x2): f(x1, x2) =
∫∞
−∞ dνf˜νΩν(x1, x2),
and likewise for F˜ν .
2.1 The spectral representation of the 1-loop bubble
The 1-loop bubble spectral function B˜ν was computed in general d in [57], in terms
of a 5F4 function. We will focus in this paper on AdS3, i.e d = 2, in which case the
bubble spectral representation is:
B˜ν =
ψ(∆− 1
2
+ iν
2
)− ψ(∆− 1
2
− iν
2
)
8pi(iν)
, for d = 2 (2.6)
4ν space in AdS is analogous to momentum space in flat space.
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The poles of this function are:
B˜ν
1+iν∼ 2∆+2n∼ − 1
4pi
1
1 + iν − (2∆ + 2n) ×
1
(2∆ + 2n− 1) (2.7)
The bubble function simplifies when ∆ is an integer or half integer. When ∆ = 1:
B˜(∆=1)ν = −
1
8
cot(pi(1+iν)
2
)
(iν)
=
1
16
Γ 1
2
+ iν
2
Γ 1
2
− iν
2
Γ1+ iν
2
Γ1− iν
2
(2.8)
where in the second equality we simply wrote it in terms of gamma functions. Like-
wise the bubbles for ∆ = 1
2
and for ∆ = 3
2
are:
B˜
(∆= 1
2
)
ν =
tan(pi(1+iν)
2
)
8iν
− 1
4pi(iν)2
=
−1
4(iν)2
Γ1+ iν
2
Γ1− iν
2
Γ 1
2
+ iν
2
Γ 1
2
− iν
2
− 1
4pi(iν)2
(2.9)
and
B˜
(∆= 3
2
)
ν =
tan(pi(1+iν)
2
)
8iν
+
1
4pi(iν)2
=
−1
4(iν)2
Γ1+ iν
2
Γ1− iν
2
Γ 1
2
+ iν
2
Γ 1
2
− iν
2
+
1
4pi(iν)2
(2.10)
2.2 Attaching bulk-to-boundary propagators
Consider the bulk 2-point function Eq. 2.1 and Fig. 1-left, and then attach two
bulk-to-boundary propagators to x1 and one bulk-to-boundary propagator to x2 in
order to create a CFT 3 point function. The CFT 3 point function has a space time
dependence which is fixed by the conformal symmetry. It is easy to show that it
is proportional to the spectral function F˜ν . Now consider instead attaching 4 bulk-
to-boundary propagators with scaling dimensions (∆1, ∆2, ∆3, ∆4) to an internal
2-point arbitrary blob F (x1, x2), as in Fig. 1-Right. This diagram is given by:
ĝ4 =
∫
dx1dx2F (x1, x2)K∆1(P1, x1)K∆2(P2, x1)K∆3(P3, x2)K∆4(P4, x2) (2.11)
where the integrals are over AdSd+1. In Eq. C.10 of Appendix C we show the deriva-
tion of the spectral representation of g4(z, z¯):
g4(z, z¯) =
∫ ∞
−∞
dνF˜ν ×
Γ
∆1+∆2
2
+
iν− d2
2
Γ
∆1+∆2
2
− iν+
d
2
2
Γ
∆3+∆4
2
+
iν− d2
2
Γ
∆3+∆4
2
− iν+
d
2
2
ΓiνΓ d
2
+iν(
Γ
∆2−∆1
2
+
iν+ d2
2
Γ
∆1−∆2
2
+
iν+ d2
2
Γ
∆3−∆4
2
+
iν+ d2
2
Γ
∆4−∆3
2
+
iν+ d2
2
)
K∆id
2
+iν
(z, z¯) (2.12)
See also [53]. Where F˜ν is the spectral representation of F (x1, x2), K∆id
2
+iν
(z, z¯) is the
conformal block. We will use Eq. 2.12 repeatedly in this paper. Let us stress that g4
is stripped correlator, obtained by stripping off the factor A∆i in Eq. C.10 and C.11:
g4(z, z¯) ≡ ĝ4
A∆i
(2.13)
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Let us re-write the 4-point function by using the identity ΓxΓ1−x = pisinpi(x) :
g4(z, z¯) = pi
2
∫
dνF˜ν
[
Γ ∆1+∆2
2 − d4 + iν2
Γ ∆3+∆4
2 − d4 + iν2
Γ
1−∆1+∆22 + d4 + iν2
Γ
1−∆3+∆42 + d4 + iν2
]
ΓiνΓ d
2
+iν sin pi(
∆1+∆2
2
− d
4
− iν
2
) sinpi(∆3+∆4
2
− d
4
− iν
2
)(
Γ
∆2−∆1
2
+
iν+ d2
2
Γ
∆1−∆2
2
+
iν+ d2
2
Γ
∆3−∆4
2
+
iν+ d2
2
Γ
∆4−∆3
2
+
iν+ d2
2
)
K∆id
2
+iν
(z, z¯) (2.14)
The zeros of the sin denominators correspond to the double-trace poles. Now we
consider taking the s-channel double-discontinuity of the 4-point function5. The
action of the s-channel double-discontinuity on the s-channel conformal block is6:
dDiscs
[K∆id
2
+iν
(z, z¯)
]
= sinpi
(∆1 + ∆2
2
− iν +
d
2
2
)
sin pi
(∆3 + ∆4
2
− iν +
d
2
2
)K∆id
2
+iν
(z, z¯) (2.15)
Thus, the effect of taking the double-discontinuity of the 4-point function is to cancel
the sin denominators:
dDiscs
[
g4(z, z¯)
]
= pi2
∫
dνF˜ν
1
ΓiνΓ d
2
+iν
[
Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆3+∆4
2
− d
4
+ iν
2
Γ
1−∆1+∆2
2
+ d
4
+ iν
2
Γ
1−∆3+∆4
2
+ d
4
+ iν
2
]
(
Γ
∆2−∆1
2
+
iν+ d2
2
Γ
∆1−∆2
2
+
iν+ d2
2
Γ
∆3−∆4
2
+
iν+ d2
2
Γ
∆4−∆3
2
+
iν+ d2
2
)
K∆id
2
+iν
(z, z¯) (2.16)
In the following subsections it will be useful to focus on a specific factor7 in the RHS
of Eq. 2.12, namely we define:
U
(∆1,∆2)
F ≡ F˜ν × Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
(2.17)
U
(∆1,∆2)
F depends on ∆1 + ∆2 and on the spectral function F˜ν . For conciseness we
will not write the ν dependence of U . Let us write the special case when F˜ν = 1, i.e
just an interaction vertex with the bulk propagator amputated:
U
(∆1,∆2)
A.V ≡ Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
(2.18)
where ”A.V ” stands for ”amputated vertex”. Likewise the factor U for a vertex with
a bulk-to-bulk propagator of scaling dimension ∆ is given by:
U
(∆1,∆2,∆)
V ≡ Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
× 1
ν2 + (∆− d
2
)2
(2.19)
5We will later see instances in which the double-discontinuity is easier to compute than the
4-point function. One can then recover the 4-point function by using the dispersion relation of [60].
6Note that the proper way to take the s-channel double-discontinuity, is to first re-include the
pre-factor A∆i of Eq. C.11. In Eq. 2.15 we are simply dropping this pre-factor.
7We will see in Eq. 2.22 that the same such factors arise more generally whenever we have a
diagram in which 2 external legs are connected to a single bulk vertex.
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Figure 2. An N -point function with a pair of external lines originating from the same
vertex x1, and ending on the boundary points P1 and P2. The grey blob is completely
general.
The factor U for a 1-loop bubble with dimension scaling ∆ is given by:
U
(∆1,∆2,∆)
B ≡ Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
× B˜(∆)ν (2.20)
2.3 More general diagrams
In Eq. 2.12 we obtained the spectral representation of a scalar 4-point function, in
the case when 2 external legs are attached to the bulk point x1 and 2 external legs
are attached to the point x2, as in Fig. 1-Right. We will now show that one can
say something interesting in more general cases. Consider a general Witten diagram
N -point function for a scalar field in AdS. Now assume that there is a pair of eternal
legs which connect to the same vertex, as in Fig. 2. In Fig. 2 the boundary points P1
and P2 are attached to the vertex at x1. The rest of the diagram, labeled as ”Blob”,
is completely general. The expression for this diagram is given by8:
ĝN(P1, P2, {Pi}) =
∫ ∏
i=2
ddxi(Blob)×
∫
ddx1G∆(x1, x2)K∆1(P1, x1)K∆2(P2, x1)
(2.21)
where we singled out the x1 vertex. In Eq. D.6 of Appendix D we obtain:
gN(P1, P2, {Pi}) =
∫ ∏
i=2
ddxi(Blob)
∫ ∞
−∞
dν
ν2
√
C d
2
+iνC d
2
−iν
ν2 + (∆− d
2
)2
× Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
[ ∫
dP0K d
2
−iν(P0, x2)× U2(P0, ν)
]
(2.22)
where in order to get rid of an overall factor we defined gN ≡ piA0 ĝN , and A0 is
defined in Eq. D.4. The top line of Eq. 2.22 does not depend on ∆1 and ∆2. The
8In Eq. 2.21 it is convenient to make x1 a cubic vertex by including the bulk-to-bulk propagator
G∆(x1, x2) attached to the vertex x1. One can consider e.g quartic vertices by simply taking
∆→∞.
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Figure 3. Identity 1. For every choice of external scaling dimensions ∆i, the 4-point
function on the left equals the 4-point function on the right, where we define ∆123,4 ≡
∆1+∆2+∆3−∆4
2 . These Witten diagrams are defined to be stripped of the factor A∆i of
Eq. 2.13. The grey blob 2-point function is general.
factor U2(P0, ν) in the bottom line is defined in Eq. D.5, and it depends only on the
difference (∆1−∆2) but does not depend on (∆1+∆2). Thus the only dependence on
(∆1 + ∆2) comes from the gamma functions in the second line, and this dependence
is exactly the same as in the top line of Eq. 2.12, which is just the factor U
(∆1,∆2)
A.V
Eq. 2.18.
3 Identities for Witten diagrams
In this section we derive various bulk vertex/propagator identities. These identities
will enable to relate different Witten diagrams, as well as to compute various loop
bubble diagrams in terms of contact diagrams and exchange diagrams. For the
purpose of being self-contained, we also include 3 identities (identity 2’,3’ and 4)
which were already derived in previous works.
3.1 Identity 1
As a warm up, we will derive a simple identity for the 4-point function with external
scaling dimensions (∆1,∆2,∆3,∆4) arising from a bulk 2-point function, Fig 3-Left.
From Eq. 2.12, it is easy to see that the spectral representation is a product of 3
functions:
Hν(∆1 + ∆2)×Hν(∆3 + ∆4)× hν(∆1 −∆2,∆3 −∆4) (3.1)
whereHν is a function of the sum (∆1+∆2) only, and hν is a function of the differences
of scaling dimensions only. Clearly Eq. 3.1 is invariant under the transformation
∆i → ∆′i , such that:
∆′1 −∆′2 = ∆1 −∆2 , ∆′3 −∆′4 = ∆3 −∆4
∆′1 + ∆
′
2 = ∆3 + ∆4 , ∆
′
3 + ∆
′
4 = ∆1 + ∆2 (3.2)
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Figure 4. a) Identity 2: The derivative operator raises the scaling dimension of the
external legs. b) Identity 2’: The derivative operator kills a bulk-to-bulk propagator.
The derivative operators are defined in Eqs. 3.10 and 3.12. We are suppressing numerical
coefficients in these plots, and dropping the pre-factor A∆i defined in Eq. C.11.
The solution to these equations is:
∆′1 = ∆134,2 , ∆
′
2 = ∆234,1 , ∆
′
3 = ∆123,4 , ∆
′
4 = ∆124,3 (3.3)
where we defined ∆123,4 ≡ ∆1+∆2+∆3−∆42 , and likewise for the other combinations.
Thus we get that the 4-point function obeys the following identity, Fig. 3:
Identity 1: g
(∆′i)
4 (z, z¯) = g
(∆i)
4 (z, z¯) (3.4)
where ∆i = (∆1,∆2,∆3,∆4) and ∆
′
i is given by Eq. 3.3. Note that when ∆2 = ∆1
and ∆3 = ∆4, Identity 1 becomes trivial, i.e {∆′i} = {∆i}. Identity 1 is true for any
d.
3.2 Identity 2
We derive here Identity 2, shown in Fig. 4. The scalar conformal block obeys the
quadratic Casimir eigenvalue equation [61]:
2Dz,z¯ K d
2
+iν(z, z¯) = −
(
ν2 +
d2
4
)K d
2
+iν(z, z¯) (3.5)
where the differential operator is:
Dz,z¯ ≡ dz + dz¯ + (d− 2) zz¯
z − z¯
(
(1− z)∂z − (1− z¯)∂z¯
)
(3.6)
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and
dz ≡ z2(1− z) d
2
dz2
− (a+ b+ 1)z2 d
dz
− abz (3.7)
Let us now combine Eq. 3.5 with Eq. 2.18:
U
(∆1−1,∆2−1)
A.V ×
(−1
4
)[
2Dz,z¯ +
d2
4
− (∆1 + ∆2 − 3)2
]
K d
2
+iν(z, z¯)
= Γ∆1+∆2
2
− 3
2
+ iν
2
Γ∆1+∆2
2
− 3
2
− iν
2
[
ν2 + d
2
4
4
+
(∆1 + ∆2 − 3)2 − d24
4
]
K d
2
+iν(z, z¯)
= Γ∆1+∆2
2
− 1
2
+ iν
2
Γ∆1+∆2
2
− 1
2
− iν
2
K d
2
+iν(z, z¯) = U
(∆1,∆2)
A.V K d
2
+iν(z, z¯) (3.8)
We can write this more neatly in terms of the 4-point function g4, which gives
Identity 2: g
(∆1,∆2,∆3,∆4)
4 (z, z¯) = D(+)z,z¯ g(∆1−1,∆2−1,∆3,∆4)4 (z, z¯) (3.9)
where we defined the raising operator:
D(+)z,z¯ ≡ −
1
4
[
2Dz,z¯ +
d2
4
− (∆1 + ∆2 − 3)2
]
(3.10)
In a similar way, we can combine Eq. 3.5 with Eq. 2.19 to get:
Identity 2’: U
(∆1,∆2,∆)
V ×D(∆)z,z¯ K d
2
+iν(z, z¯) = U
(∆1,∆2)
A.V K d
2
+iν(z, z¯) (3.11)
where we defined the following operator:
D(∆)z,z¯ ≡ −2Dz,z¯ + (∆−
d
2
)2 − d
2
4
(3.12)
Acting with this operator eliminates a bulk-to-bulk propagator. Identity 2’ was
previously derived9 in [22], and was used to relate exchange diagrams to contact
diagrams. Identities 2 and 2’ are shown in Fig. 4.
3.3 Identity 3
Plugging ∆ = ∆1 + ∆2 − 2 in Eq. 2.19 gives:
U
(∆1,∆2,∆)
V = Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
1
ν2 + (∆1 + ∆2 − 2− d2)2
= Γ∆1+∆2
2
−1− d
4
+ iν
2
Γ∆1+∆2
2
−1− d
4
− iν
2
=
1
4
U
(∆1−1,∆2−1)
A.V (3.13)
were we simply used the properties of the gamma functions, and used the definition
in Eq. 2.18. So we have:
Identity 3: U
(∆1,∆2,∆=∆1+∆2−2)
V =
1
4
U
(∆1−1,∆2−1)
A.V (3.14)
9 We thank Xinan Zhou for pointing this out to us.
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Figure 5. Identity 3’. This identity generalizes the well known relations between tree level
exchange 4-point diagrams and 4-point contact diagrams. We are suppressing numerical
coefficients in these plots. The grey blob is general, and the diagrams correspond to stripped
correlators.
A special case is ∆1 = ∆2 =
3
2
:
U
( 3
2
, 3
2
,∆=1))
V =
1
4
U
( 1
2
, 1
2
)
A.V (3.15)
Eq. 3.14 can be generalized to the case of arbitrary half-integer dimension ∆1+∆2
2
=
N + 3
2
, where N is an integer:
Identity 3’: U
(∆1,∆2,∆1+∆2−2−2N)
V =
1
4
N∑
n=0
an,NU
(∆1−1−n,∆2−1−n)
A.V (3.16)
We show this in Fig. 5. Solving for the coefficients gives the formula:
an,N =
1
(N + 1)−n(∆1 + ∆2 − d2 −N − 1)−n
(3.17)
where (a)b is the Pochhammer symbol.
In [16, 62] it was shown that certain 4-point exchange diagrams were equal to
a finite sum of 4-point contact diagrams. Identity 3’ implies that this arises from a
more general property of a bulk vertex with 2 bulk-to-boundary and 1 bulk-to-bulk
propagators attached to it. This identity has previously been derived in [63], see
footnote 9. See also [64].
Let us give 2 examples of applications of Identity 3:
• Example 1: In Fig. 6a, we show a 5-point tree-level exchange diagram which
from Identity 3 is equal to the 5-point contact diagram. See also [63].
• Example 2: Identity 3’ relates the two types of triangle diagrams shown in
Fig. 6b.
– 11 –
Figure 6. Applications of Identities 3 and 3’. a) An example of a 5-point exchange
diagram which equals the 5-point contact diagram on the right. b) Identity 3’ applied to
4-point triangle diagram. We are suppressing numerical coefficients in these plots.
Figure 7. a) Identity 4: The 1-loop bubble with scaling dimension ∆ is simply related
to the bubble with scaling dimension ∆ − 1. b) Identity 5’: The two-loop bubble on the
left equals a 1-loop bubble plus a propagator. c) Identity 5. Identities 5 and 5’ enable to
reduce an M bubble diagram to an M − 1 bubble diagram. We are suppressing numerical
coefficients in these plots.
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3.4 Identity 4
In this subsection we simply recall the relation for the 1-loop (d = 2) bubble derived
in Eq. 3.11 of [47] or Eq. 53 of [48]:
G2∆(x1, x2) =
1
2pi
∞∑
n=0
G2n+2∆(x1, x2) = G
2
∆−1(x1, x2)−
1
2pi
G2∆−2(x1, x2) (3.18)
This relation in the spectral representation Eq. 2.4 is:
B˜(∆)ν =
∞∑
n=0
1
ν2 + (2∆ + 2n− 1)2 (3.19)
or,
Identity 4: B˜(∆)ν = B˜
(∆−1)
ν −
1
2pi
1
ν2 + (2∆− 3)2 (3.20)
See Fig. 7a. Thus for example the bubble function for any integer scaling dimension
∆ =integer can be written in terms of the ∆ = 1 bubble:
B˜(∆)ν = B˜
(∆−1)
ν −
1
2pi
∆−2∑
j=0
1
ν2 + (2j + 2)2
, ∆ = integer (3.21)
3.5 Identity 5
We consider mainly bubbles of scaling dimension ∆ = 1 and ∆ = 3
2
, and from it one
can get the bubble function for arbitrary integer (half-integer) ∆ by using Eq. 3.20.
Multiplying Eqs 2.8, 2.9, and 2.10, we get a reduction of 2 bubbles in to a single
bubble and a bulk propagator:
Identity 5: B˜(∆=1)ν B˜
(∆= 1
2
)
ν = − 1
64(iν)2
− 1
4pi(iν)2
B˜(∆=1)ν (3.22)
and
Identity 5’: B˜(∆=1)ν B˜
(∆= 3
2
)
ν = − 1
64(iν)2
+
1
4pi(iν)2
B˜(∆=1)ν (3.23)
These identities are shown in Fig. 7b and 7c, and they enable to reduce M -loop
bubble diagrams into a M − 1-loop bubble diagrams.
3.6 Identity 6
Consider the 1-loop bubble with scaling dimension ∆ = 1. Using Eqs. 2.18, 2.20,
and 2.8, and plugging ∆ = 1 and ∆1+∆2
2
= 3
2
in UB, and
∆′1+∆
′
2
2
= 2 in UA.V , we get
10:
Identity 6: U
(∆1,3−∆1,∆=1)
B =
1
16
U
(∆1− 12 , 52−∆1)
A.V (3.24)
10In order for the full spectral representations to be equivalent, we need the conformal blocks to be
equal between the two cases, thus we also impose that the differences be equal, i.e ∆′1−∆′2 = ∆1−∆2.
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Figure 8. Identity 6” gives a reduction of integer scaling dimension bubble diagrams,
with half integer external legs. This identity is the 1-loop generalization of identity 3’
shown in Fig. 5. The grey blobs are general. We are suppressing numerical coefficients in
these plots, and the diagrams correspond to stripped correlators.
A particular case is when ∆2 = ∆1 in which:
U
( 3
2
, 3
2
,∆=1)
B =
1
16
U
(1,1)
A.V (3.25)
We can derive another identity by multiplying Eq. 3.14 by B
(∆=1)
ν and then using
Eq. 3.24
Identity 6’: U
(∆1,1−∆1,∆=1)
B =
1
4
U
(∆1+
1
2
, 3
2
−∆1,∆=1)
V (3.26)
A particular case when ∆2 = ∆1, gives:
U
( 1
2
, 1
2
,1)
B =
1
4
U
(1,1,1)
V (3.27)
Eq. 3.24 can be generalized to the case of arbitrary half-integer dimension ∆1+∆2
2
=
N + 3
2
, where N is an integer:
Identity 6”: U
(∆1,2N+3−∆1,∆=1)
B =
N∑
n=0
anU
(∆1−N+n− 12 ,N+n+ 52−∆1)
A.V (3.28)
and it is simple algebra to solve for the coefficients an, which are just numbers. For
the case of equal scaling dimensions ∆1 = ∆2, Eq. 3.28 becomes:
U
(N+ 3
2
,N+ 3
2
,1)
B =
N∑
n=0
anU
(n+1,n+1)
A.V (3.29)
This identity is shown in Fig. 8. For example, for N = 1:
U
( 5
2
, 5
2
,1)
B =
3
64
U
(1,1)
A.V +
1
16
U
(2,2)
A.V (3.30)
In Appendix A we derive 2 more identities, in addition to the 6 identities shown in
this section.
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Figure 9. Three examples of 1 and 2-loop diagrams written in terms of contact and
exchange diagrams. This arises from Identity 6. The bottom figure also uses Identity 4.
We are suppressing numerical coefficients in these plots.
3.7 Obtaining loop diagrams using the Identities
In this subsection we show applications of the bulk vertex/propagator identities to
the reduction of loop bubble Witten diagrams in to lower loop diagrams, when the
bubble has integer or half-integer scaling dimension.
• From Identity 6 Eq. 3.25 one immediately sees that the 4-point 1-loop bubble
of Fig 9-top is equal to a contact diagram.
• Applying Identity 6 twice, the 2-loop bubble 4-point function bubble of Fig 9-
middle is equal to the contact diagram on the right.
• Combining Identity 6 with Identity 4 Eq. 3.20, we get that the 4-point 1-loop
bubble of Fig 9-bottom is equal to the contact diagram on the right.
• Examples of alternating integer and half-integer bubble Witten diagrams are
shown in Fig 10 and 11. These relations can be obtained from Identities 5 and
6.
4 A finite coupling AdS 4-point function: The O(N) model
Now we focus on the case with all the scaling dimension equal ∆1 = ∆2 = ∆3 =
∆4 ≡ ∆, and we will consider the 4-point function with resummed bubble diagrams,
– 15 –
Figure 10. Examples of alternating integer and half-integer bubble Witten diagrams
which are equal to contact and exchange diagrams. Using Identities 5,6, and 7. The
bottom diagram uses Eq. 3.29. We are suppressing numerical coefficients in these plots.
Figure 11. Examples of alternating integer and half-integer bubble Witten diagrams.
Using Identities 5,6, and 7. We are suppressing numerical coefficients in these plots.
Figure 12. The exact 4-point function in the large-N O(N) model on AdS is given by an
infinite sum of bubble diagrams.
Fig. 12. This finite coupling 4-point function is realized in the large-N O(N) model
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on AdS3. The Lagrangian for the O(N) model is:
L = 1
2
(∂φi)2 +
m2
2
(φi)2 +
λ
2N
((φi))2 (4.1)
As shown in [57], the resummation of bubble diagrams is a geometric series in
spectral space. The resummation gives the following spectral function F˜ν =
1
λ−1+2B˜ν
.
Thus from Eq. 2.12, or alternatively Eq. 4.18 of [57], the 4-point function is:
g4(z, z¯) =
∫ ∞
−∞
dν
λ−1 + 2B˜ν
Γ2
∆− d+2iν
4
Γ2
∆− d−2iν
4
Γ4d+2iν
4
ΓiνΓ d
2
+iν
K d
2
+iν(z, z¯)
=
∫ ∞
−∞
dν
λ−1 + 2B˜ν
Γ2
∆− 1
2
− iν
2
Γ2
∆− 1
2
+ iν
2
4(iν)Q iν−1
2
(zˆ)Q iν−1
2
(ˆ¯z) (4.2)
where in second line we used the expression for the scalar conformal block in d = 2:
Kβ(z, z¯) = kβ(z)kβ(z¯) = 4Γ
2(β)
Γ4(β
2
)
Qβ
2
−1(zˆ)Qβ
2
−1(ˆ¯z) (4.3)
and where Qβ
2
−1(zˆ) is the LegendreQ function, and the ”hats” are defined as:
zˆ ≡ 2
z
− 1 , ˆ¯z ≡ 2
z¯
− 1 (4.4)
In Eq. 4.2 we close the contour in the ν-plane and pick up the poles. There are
2 towers of poles: double-trace poles coming from Γ2
∆− d+2iν
4
, and a tower of poles
coming from the factor F˜ν =
1
λ−1+2B˜ν
. We label these contributions gd.t and gB:
g4(z, z¯) = gd.t(z, z¯) + gB(z, z¯) (4.5)
No we focus on the bulk conformal point (see section 5 of [57]): λ→∞ and ∆ = 1.
Plugging Eq. 2.8 inside Eq. 4.2 gives:
g4(z, z¯) = 16pi
2
∫ ∞
−∞
dν
sin pi
2
(iν) sin pi
2
(iν + 1)
(iν)2Q iν
2
− 1
2
(zˆ)Q iν
2
− 1
2
(ˆ¯z) (4.6)
The residue theorem gives11:
gd.t(z, z¯) = −64pi2
∞∑
n=0
(2n+ 1)2Qn(zˆ)Qn(ˆ¯z) , iν = 2n+ 1 (4.8)
11 For general ∆ we can write the double-trace sum from Eq. 4.2:
gd.t(z, z¯) = −64pi2
∞∑
n=0
(2n+ 2∆− 1)2Γ2(2∆ + n− 1)
Γ2(n+ 1)
Qn+∆−1(zˆ)Qn+∆−1(ˆ¯z) (4.7)
On the other hand, for the bubble poles we only know how to write the sum for the case of ∆ = 1,
as in Eq. 4.9. For general ∆, one would need to analytically compute the zeros of the denominator
λ−1 + 2B˜ν = 0 of Eq. 4.2, and this is known only for ∆ = 1 and λ→∞.
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and
gB(z, z¯) = 64pi
2
∞∑
n=0
(2n+ 2)2Qn+ 1
2
(zˆ)Qn+ 1
2
(ˆ¯z) , iν = 2n+ 2 (4.9)
The two sums above are related to each other by n → n + 1
2
. These sums are com-
plicated to compute analytically, and we have not found a reference which computed
them. In Eq. B.14 of Appendix B we computed the sum gB:
gB(z, z¯) = 64pi
2
(
1 + 2Dz,z¯
)[ pi
2
3
2
2
√
c√
a− cK
(√ b− c
a− c
)
− 1
2
Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z)
]
(4.10)
where K is the elliptic integral function of the first kind, defined in Eq. B.12. On the
other hand, we were not able to directly compute the double-trace sum in Eq. 4.8.
Note that the bubble sum is equal to the double-discontinuity:
gB(z, z¯) = dDiscs[g4(z, z¯)] = dDiscs[gB(z, z¯)] (4.11)
This can be seen from Eq. 4.6, and the fact that taking the double-discontinuity
cancels the double-trace poles. gB has the nice property that it’s double-discontinuity
is equal to itself.
4.1 Identity 9
In this subsection we derive Identity 9, and show that it can be used to derive the
4-point function of the large N conformal O(N) that we attempted to compute in
the previous subsection. We define
U
(∆1,∆2,∆)
B−1 ≡
1
16
Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
× (B˜(∆)ν )−1 (4.12)
Using Eqs. 2.18, 4.12, and 2.8, and plugging ∆ = 1 and ∆1+∆2
2
= 1 in UB−1 , and
∆′1+∆
′
2
2
= 3
2
in UA.V , we get:
Identity 9: U
(∆1,2−∆1,∆=1)
B−1 = U
(∆1+
1
2
, 5
2
−∆1)
A.V (4.13)
When ∆2 = ∆1, this becomes:
U
(1,1,∆=1)
B−1 = U
( 3
2
, 3
2
)
A.V (4.14)
Eq. 4.13 can be generalized to the case of arbitrary integer dimension ∆1+∆2
2
= N+1,
where N is an integer:
Identity 9’: U
(∆1,2N+2−∆1,∆=1)
B−1 =
N∑
n=0
anU
(∆1−N+n+ 12 ,N+n+ 52−∆1)
A.V (4.15)
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Figure 13. a) Identity 9’: reduces the resummed bubble diagrams with ∆ = 1. The red
loop is notation for the resummed bubble with scaling dimension ∆ = 1, given on the right
hand side of Eq. 4.12. b) Applying Identity 9 immediately gives the result for the 4-point
function in the conformal large-N O(N) model on AdS3, in terms of the contact diagram
on the right. ∆3 and ∆4 are arbitrary in this diagram. The grey blob is general, numerical
coefficients are suppressed, and the diagrams correspond to stripped correlators.
where one can easily find the coefficients an by simple algebra. When ∆2 = ∆1 this
relation is:
U
(N+1,N+1,∆=1)
B−1 =
N∑
n=0
anU
(n+ 3
2
,n+ 3
2
)
A.V (4.16)
This is shown in Fig. 13a.
Using Eq. 4.2 and Identity 9 (more specifically Eq. 4.14), we get the finite cou-
pling 4-point function of the conformal large N O(N) model in terms of a contact
diagram!
g4(z, z¯) =
1
2
g
(contact)
4 (z, z¯) (4.17)
where g
(contact)
4 (z, z¯) is the contact diagram with ∆i = (1, 1,
3
2
, 3
2
), See Fig. 13b.
Aside:
We can reverse the logic, and use this section to compute the double-trace sum
in Eq. 4.8 in terms of g
(contact)
4 (z, z¯) and elliptic integrals:
−64pi2
∞∑
n=0
(2n+ 1)2Qn(zˆ)Qn(ˆ¯z) = gd.t(z, z¯) =
1
2
g
(contact)
4 (z, z¯)− gB(z, z¯) (4.18)
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Figure 14. Left: The 4-point function with a = b = 0, discussed in section 5. Right:
The 4-point function with a = 0, b = 12 , discussed in section 6. The grey blob is general.
Figure 15. The 4-point M -loop bubble diagram.
where gB is given by Eq. 4.10, and we used Eq. 4.5. We are not aware of any reference
which previously computed this sum.
5 Scalar 4-point diagrams with ∆12 = ∆34 = 0
In this section we consider a scalar field in AdS with φ4 coupling, and compute
perturbative 4-point functions with external scaling dimensions ∆12 = ∆34 = 0,
Fig. 14-Left. From Eq. 2.12 the spectral representation of the 4-point function is
given by:
g4(z, z¯) =
∫
dνF˜ν
(Γ∆1− d4 + iν2 Γ∆1− d4− iν2 Γ∆4− d4 + iν2 Γ∆4− d4− iν2 )Γ
4
d
4
+ iν
2
ΓiνΓ d
2
+iν
K∆id
2
+iν
(z, z¯) (5.1)
Plugging the d = 2 conformal block Eq. 4.3, gives:
g4(z, z¯) = 4pi
2
∫
dνF˜ν
Γ
∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ
∆4− 12 + iν2
Γ−∆4+ 32 + iν2
sin pi(∆1 − 12 − iν2 ) sinpi(∆4 − 12 − iν2 )
(iν)Q iν−1
2
(zˆ)Q iν−1
2
(ˆ¯z)
(5.2)
where we also used a gamma function identity ΓxΓ1−x = pisinpix . Now we consider
the diagram comprised of a sequence of M bubbles, which has the spectral function
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F˜ν = B˜
M
ν , Fig. 15.There are double-trace poles coming from the two sines in the
denominator, and there are poles of order M coming from the bubbles B˜Mν . The
poles can collide when the external ∆1 and ∆4 are separated by an integer, or when
they are separated from the bubble poles by a integer.
We want to obtain analytic expression for the 4-point function, by closing the ν
contour picking up the poles. Recall from Eq. 2.6 that in d = 2 the bubble spectral
representation is a combination of digamma functions. The poles of the bubble
function are given in Eq. 2.7:
B˜(d=2)ν
1+iν∼ 2∆+2n∼ − 1
4pi
1
iν − (2n+ 2∆− 1)
1
2∆ + 2n− 1 (5.3)
Therefore we will have sums containing a product of digamma functions, Legen-
dreQ’s, and gamma functions.
5.1 Contact diagrams
For contact diagrams we plug F˜ν = 1 in Eq. 5.2, and the residue theorem gives:
g4(z, z¯) =
16pi2
sin pi(∆4 −∆1)×
∞∑
n=0
Γ2∆1−1+n
Γn+1
Γ∆4+∆1−1+n
Γ1−∆4+∆1+n
(2∆1 + 2n− 1)Q∆1−1+n(zˆ)Q∆1−1+n(ˆ¯z) +
(
∆1 ↔ ∆4
)
(5.4)
In the special case of ∆4 = ∆1 + integer, the poles collide. For example when
∆4 = ∆1 we have:
g4(z, z¯) = 16pi
2
∞∑
n=0
d
dn
(
Γ22∆1+n−1
Γ2n+1
(2∆1 + 2n− 1)Q∆1+n−1(zˆ)Q∆1+n−1(ˆ¯z)
)
(5.5)
We don’t know how to directly compute these sums in general12, however there are
special cases that we can do:
• Example 1: ∆1 = 1 and ∆4 = 1:
From Eq. 5.5 we have:
g4(z, z¯) = 16pi
2
∞∑
n=0
d
dh
(
(h− 1)Qh
2
−1(zˆ)Qh
2
−1(ˆ¯z)
)∣∣∣∣
h=2n+2
= 16pi2
∞∑
n=0
d
dn
(
(2n+ 1)Qn(zˆ)Qn(ˆ¯z)
)
(5.6)
12However, contact diagrams are known to give so called D¯ functions. Thus, reversing the logic,
we get that the complicated sums of Eqs. 5.4 and 5.5 are given by D¯ functions. As was shown in
[16], the D¯ functions can be written in terms of Appell functions.
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where in the second equality we just wrote the sum in a more suggestive way,
that explicitly shows the canonical coefficient (2n+1) of Legendre functions. In
order to compute the sum, consider the following identity of Legendre functions:
(2β + 1)Qβ(zˆ)Qβ(ˆ¯z) =
(β + 1)
(
Qβ(zˆ)Qβ+1(ˆ¯z)−Qβ(ˆ¯z)Qβ+1(zˆ)
)
ˆ¯z − zˆ −
(
β → β − 1
)
(5.7)
where β is not necessarily an integer, and in order to show this, one uses the
following recursion relation for Legendre functions:
(2β + 1)yQβ(ˆ¯z) = (β + 1)Qβ+1(ˆ¯z) + βQβ−1(ˆ¯z) (5.8)
Summing both sides of Eq. 5.7 clearly gives rise to a telescopic sum, thus we
can write:
∞∑
n=0
(2(n+ α) + 1)Qn+α(zˆ)Qn+α(ˆ¯z) =
(2α + 1)Qα(zˆ)Qα(ˆ¯z) +
(α + 1)
(
Qα(zˆ)Qα+1(ˆ¯z)−Qα(ˆ¯z)Qα+1(zˆ)
)
zˆ − ˆ¯z (5.9)
Since α is an arbitrary real parameter, we can take derivatives with respect to
it and obtain the result of the sum in Eq. 5.6:
g4(z, z¯) = 16pi
2
∞∑
n=0
d
dn
(
(2n+ 1)Qn(zˆ)Qn(ˆ¯z)
)
= 16pi2
d
dα
[
(2α + 1)Qα(zˆ)Qα(ˆ¯z) +
(α + 1)
(
Qα(ˆ¯z)Qα+1(zˆ)−Qα(zˆ)Qα+1(ˆ¯z)
)
ˆ¯z − zˆ
]∣∣∣∣
α→0
= −4pi2 zz¯
z − z¯
(
log
(1− z
1− z¯
)
log(zz¯) + 2Li2(z)− 2Li2(z¯)
)
(5.10)
This precisely matches the function D¯1111! [16, 65]. The function inside the
brackets is the Bloch-Wigner dilogarithm.
• Example 2: ∆1 = 1, 2 and ∆4 = 1, 2:
We can derive these by applying the D(+)z,z¯ operator on Eq. 5.10. This is just
a special case of Identity 2, Eq. 3.9 with ∆1 = ∆2 = 2. That lowering/raising
relations for contact diagrams are well known [16].
• Example 3: ∆1 = 12 and ∆4 = 32 :
In this case the sum over poles gives:
g4(z, z¯) = 16pi
2
∞∑
n=0
d
dh
(
(h− 1)Qh
2
−1(zˆ)Qh
2
−1(ˆ¯z)
)∣∣∣∣
h=2n+1
(5.11)
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So this case is different from the previous three cases because the sum is over
half integer values. The sum here is again a telescopic sum, and one can use
Eq. 5.9 to compute it.
• Example 4: ∆1 = 1 and ∆4 = 12 :
In this case the sum over poles gives:
g4(z, z¯) = −16pi2
∞∑
n=0
Qn(zˆ)Qn(ˆ¯z) + 16pi
2
∞∑
n=0
Qn− 1
2
(zˆ)Qn− 1
2
(ˆ¯z)
= −16pi2Ŝd.t + 16pi2ŜB + 16pi2Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z) (5.12)
where in the second line we simply noticed that the sums are the same as in
Eqs. B.2 and B.17.
5.2 Double-discontinuity of the 1-loop bubble
Let us consider taking the double-discontinuity of the 4-point function Eq. 5.2. As
explained around Eq. 2.16, taking the double-discontinuity will cancel the double-
trace poles. Considering the 1-loop bubble M = 1 with scaling dimension ∆ = 1,
one has the poles shown in Eq. 5.3. Thus the residue theorem gives:
dDiscs[g4(z, z¯)] = −2pi2
∞∑
n=0
Γ∆1−1+n+∆
Γ−∆1+1+n+∆
Γ∆4−1+n+∆
Γ−∆4+1+n+∆
Qn+∆−1(zˆ)Qn+∆−1(ˆ¯z) (5.13)
We do not know in general how to compute these sums analytically, and therefore
we try in the following to find simple cases:
• Plugging ∆1 = ∆4 = 1 in Eq. 5.13 gives:
dDiscs[g4(z, z¯)] = −2pi2
∞∑
n=0
Qn+∆−1(zˆ)Qn+∆−1(ˆ¯z) (5.14)
If ∆ is an integer or half-integer then then this sum the same as the sums in
Appendix B, except for a finite number of terms in the sum. This can also be
seen from Identity 4 in Eq. 3.20.
• M = 1 and ∆1 = 12 and ∆4 = 32 :
In this case we get exactly the same sum as in the previous example.
dDiscs[g4(z, z¯)] = −2pi2
∞∑
n=0
Qn+∆−1(zˆ)Qn+∆−1(ˆ¯z) (5.15)
This is just a special case of Identity 8, Eq. A.10.
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• M = 1 and ∆1 = 1 and ∆4 = 32 :
In this case we have:
dDiscs[g4(z, z¯)] = −pi2
∞∑
n=0
(2∆ + 2n− 1)Q∆+n−1(zˆ)Q∆+n−1(ˆ¯z) (5.16)
This sum is a telescopic sum in the canonical Legendre form, and thus we can
compute it for any ∆! From Eq. 5.9 we get:
−1
pi2
dDiscs[g4(z, z¯)] =
(2∆− 1)Q∆−1(zˆ)Q∆−1(ˆ¯z) +
∆
(
Q∆−1(zˆ)Q∆(ˆ¯z)−Q∆−1(ˆ¯z)Q∆(zˆ)
)
zˆ − ˆ¯z (5.17)
Using Identity 2 Eq. 3.9, we can raise the external scaling dimensions by ap-
plying the differential operator D(+)z,z¯ on the result above, and obtain the whole
family of integer/half-integer external scaling dimensions, with an arbitrary ∆
in the bubble.
5.3 A few solvable cases at 1 and 2-loops
The first simplification is to put ∆ = 1 in the internal bubble using Eq. 2.8. Then
Eq. 5.2 gives13:
g4(z, z¯) = 4pi
2
∫
dν
Γ
∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ
∆4− 12 + iν2
Γ−∆4+ 32 + iν2
(
tanM (piiν
2
)
8M (iν)M−1
)
sin pi(∆1 − 1+iν2 ) sinpi(∆4 − 1+iν2 )
Q iν−1
2
(zˆ)Q iν−1
2
(ˆ¯z) (5.18)
• Example 1: M = 1 and ∆1 = 1 and ∆4 = 32 .
The (double-trace) poles at h = 2n+ 3 are canceled by the zeros of the bubble.
There is a tower of poles at h = 2n+ 2, which gives rise to the following sum:
g4(z, z¯) =
pi3
8
∞∑
n=0
d
dh
(
(h− 1)Qh
2
−1(zˆ)Qh
2
−1(ˆ¯z)
)∣∣∣∣
h=2n+2
=
pi3
8
∞∑
n=0
d
dn
(
(2n+ 1)Qn(zˆ)Qn(ˆ¯z)
)
(5.19)
We directly computed this in Eq. 5.10, and showed that is matches the well
known result D¯1,1,1,1. This also matches the result we got in section 3.7 and
Fig. 9-top by using identity 6.
13Note that the bubble with ∆ = 1 has the special property of having equally spaces zeros at
h = 2n + 3 coming from the cot factor in Eq. 2.8. Thus if we choose ∆4=half-integer, then the
tower of double-trace poles coming from the sinpi(∆4 − 12 − iν2 ) denominator in Eq. 5.18 cancels
with the zeros of the bubble from cotM . In fact, one can show that these zeros enable the fact that
example 1 in this section is actually equal to a contact diagram!
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• Example 2: M = 2 and ∆1 = 32 and ∆4 = 32 :
Once again the (double-trace) poles at 2n+3 cancel by the zeros of the bubble.
So need only consider the tower of poles at h = 2n+ 2, which gives rise to:
g4(z, z¯) =
pi3
16
∞∑
n=0
d
dn
(
(2n+ 1)Qn(zˆ)Qn(ˆ¯z)
)
(5.20)
Notice that the sum is exactly the same as in Eq. 5.19, and this fact simply
arises from Identity 6 Eq. 3.25. This is also shown in the top two diagrams of
Fig. 9.
6 Scalar 4-point diagrams with ∆12 = 0 and ∆34 = 1
In this section we consider the 4-point function with differences of external scaling
dimensions tuned to a ≡ ∆1−∆2
2
= 0 and b ≡ ∆3−∆4
2
= 1
2
, Fig. 14-Right. There is
significant simplification in this case, which enables us to compute various bubble
diagrams explicitly. The main simplification arises from the fact that the d = 2
conformal block simplifies from a 2F1 to a power law:
K∆iβ (z, z¯) = z
β
2 2F1(
β
2
,
β + 1
2
, β, z)× z¯ β2 2F1(β
2
,
β + 1
2
, β, z¯) =
√
u
v
(
4Z
)β−1
(6.1)
where we defined Z ≡
√
zz¯
(1+
√
1−z)(1+√1−z¯) , and the cross-ratios are u = zz¯ and v =
(1 − z)(1 − z¯). We start from the spectral representation of a 4-point function
Eq. 2.12, and notice that it simplifies when plugging ∆2 = ∆1 and ∆3 = ∆4 + 1:
g4(z, z¯) = pi2
3−d
∫
dνF˜ν
Γ d
2
+iν−1
4iνΓiν
(Γ∆1− d4 + iν2 Γ∆1− d4− iν2 Γ∆4+ 12− d4 + iν2 Γ∆4+ 12− d4− iν2 )K
∆i
d
2
+iν
(6.2)
Putting d = 2, and using Eq. 6.1 gives:
g4(z, z¯) = 2pi
√
u
v
∫ ∞
−∞
dνF˜ν(Γ∆1− 12 + iν2 Γ∆1− 12− iν2 Γ∆4+ iν2 Γ∆4− iν2 )Z
iν (6.3)
Or alternatively:
g4(z, z¯) =
√
u
v
∫
dν
2pi3F˜ν
sin pi(∆1 − 1+iν2 ) sinpi(∆4 − iν2 )
Γ∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ∆4+ iν2
Γ1−∆4+ iν2
Ziν (6.4)
Now we close the contour to the right, and we have poles from Γ∆4− iν2 at iν =
2∆4 + 2m , and poles from Γ∆1− 12− iν2 at iν = 2∆1 − 1 + 2m:
8pi3
√
u
v
cos pi(∆1 −∆4)
∞∑
m=0
Γ∆1+∆4− 12 +m
Γ∆4−∆1+ 32 +m
Γ2∆4+m
Γm+1
F˜2∆4+2mZ
2∆4+2m +
(
∆1 ↔ ∆4 + 1
2
)
(6.5)
We will now use this to compute contact diagrams, exchange diagrams, and loop
bubble diagrams.
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6.1 Contact diagram
To obtain the contact diagram, we put F˜ν = 1, and so we need to compute the
following sum:
g4(z, z¯) =
8pi3
√
u
v
cospi(∆1 −∆4)
∞∑
m=0
Γ∆1+∆4− 12 +m
Γ∆4−∆1+ 32 +m
Γ2∆4+m
Γm+1
Z2∆4+2m +
(
∆1 ↔ ∆4 + 1
2
)
(6.6)
These sums give 2F1’s:
g4(z, z¯) = 8pi
3
√
u
v
Γ2∆4Γ∆1+∆4− 12Z
2∆4
cos pi(∆1 −∆4) 2F
(reg)
1 (2∆4,∆1 + ∆4 −
1
2
,∆4 −∆1 + 3
2
, Z2)
+
(
∆1 ↔ ∆4 + 1
2
)
(6.7)
where 2F
(reg)
1 (a, b, c, x) ≡ 1Γc 2F1(a, b, c, x) is the regularized hypergeometric function.
Eq. 6.7 matches the result obtained from the Mellin representation Eq. E.7. The
hypergeometric functions above simplify when ∆1 and ∆4 are separated by an integer.
For example, for ∆4 = ∆1 − 1:
g4(z, z¯) = 8pi
3
√
u
v
25−4∆1Γ4∆1−4Z
2∆−2(1 + Z)4−4∆1 (6.8)
and for ∆4 = ∆1:
g4(z, z¯) = −8pi3
√
u
v
23−4∆1Γ4∆1−2Z
1+2∆1(1 + Z)−4∆1(1 +
1
Z
)2 (6.9)
6.2 Exchange diagram
For the exchange diagram with internal ∆, we plug F˜ν =
1
ν2+(∆−1)2 in Eq. 6.3:
g4(z, z¯) = 2pi
√
u
v
∫ ∞
−∞
dν
Γ∆1− 12 + iν2 Γ∆1− 12− iν2 Γ∆4+ iν2 Γ∆4− iν2
ν2 + (∆− 1)2 Z
iν (6.10)
There is one pole from the exchange operator at iν = ∆− 1, and a tower of double-
trace poles:
g4(z, z¯) = gexc(z, z¯) + gd.t(z, z¯) (6.11)
The former gives the following contribution:
gexc(z, z¯) = 4pi
2
√
u
v
1
2(∆− 1)(Γ∆1−1+ ∆2 Γ∆1−∆2 Γ∆4− 12 + ∆2 Γ∆4+ 12−∆2 )Z
∆−1 (6.12)
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The contribution from the double-traces is:
gd.t(z, z¯) =
√
u
v
8pi3
cos pi(∆1 −∆4)
∞∑
m=0
Γ
∆1+∆4− 12 +m
Γ
∆4−∆1+ 32 +m
Γ2∆4+m
Γm+1
Z2∆4+2m
−(2∆4 + 2m)2 + (∆− 1)2 +
(
∆1 ↔ ∆4 + 1
2
)
(6.13)
The result of the sum is a 3F2:
gd.t(z, z¯) = 8pi
3
√
u
v
Γ2∆4Γ∆1+∆4− 12Z
2∆4
4(∆− 1) cospi(∆1 −∆4)
×
[
Γ∆4+ ∆2 − 12 3F
(reg)
2 (2∆4,∆4 +
∆
2
− 1
2
,∆1 + ∆4 − 1
2
: ∆4 +
∆
2
+
1
2
,
3
2
+ ∆4 −∆1, Z2)
− Γ∆4−∆2 + 12 3F
(reg)
2 (2∆4,∆4 −
∆
2
+
1
2
,∆1 + ∆4 − 1
2
:
3
2
− ∆
2
+ ∆4,
3
2
+ ∆4 −∆1, Z2)
]
+
(
∆1 ↔ ∆4 + 1
2
)
(6.14)
When ∆4 and ∆1 are integers, one can see that the sum in Eq. 6.13 gives combinations
of Φ(Z2, 1, k±∆
2
), where k is an integer. Where Φ is the Lerch transcendent function:
Φ(y, s, α) ≡
∞∑
n=0
yn
(n+ α)s
(6.15)
For example when ∆1 = ∆4 = 1:
g
(∆1=∆4=1)
d.t (z, z¯) = pi
3
√
u
v
Z
[
Φ(Z2, 1,
2−∆
2
)− ZΦ(Z2, 1, 3−∆
2
)
+ Φ(Z2, 1,
∆
2
)− ZΦ(Z2, 1, 1 + ∆
2
)
]
(6.16)
6.3 1-loop diagram
For the 1-loop bubble diagram we have poles from the bubble and double trace poles:
g4(z, z¯) = gB(z, z¯) + gd.t(z, z¯) (6.17)
Poles from the bubble
Consider the 1-loop bubble with internal scaling dimension ∆. The bubble poles are
at iν = 2m+ 2∆− 1. Using Eq. 6.3:
g4(z, z¯) = 2pi
√
u
v
∫ ∞
−∞
dνF˜ν(Γ∆1− 12 + iν2 Γ∆1− 12− iν2 Γ∆4+ iν2 Γ∆4− iν2 )Z
iν (6.18)
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The poles from the bubble Eq. 2.7 give:
gB(z, z¯) = −pi
√
u
v
∞∑
m=0
Γ∆1+m+∆−1Γ∆1−m−∆Γ∆4+∆+m− 12 Γ∆4−m−∆+ 12
2∆ + 2m− 1 Z
2m+2∆−1
= −pi
√
u
v
Γ 1
2
−∆+∆4Γ− 12 +∆+∆4Γ−∆+∆1Γ−1+∆+∆1
(2∆− 1) Z
2∆−1×
4F3(1,∆− 1
2
,∆4 + ∆− 1
2
,∆1 + ∆− 1 : 1
2
+ ∆,
1
2
+ ∆−∆4, 1 + ∆−∆1, Z2)
(6.19)
This holds when the bubble pole and double trace poles do not collide. When ∆ = 1
we have:
g
(∆=1)
B (z, z¯) = −pi
√
u
v
(Γ− 1
2
+∆4
Γ 1
2
+∆4
Γ−1+∆1Γ∆1)Z
× 4F3(1, 1
2
,∆4 +
1
2
,∆1 :
3
2
,
3
2
−∆4, 2−∆1, Z2) (6.20)
Double-trace poles
For the bubble with ∆ = 1, we have from Eq. 2.8:
gd.t(z, z¯) =
−pi3√u
v
cospi(∆1 −∆4)
∞∑
m=0
cot(pi(1
2
+m+ ∆4))
2m+ 2∆4
Γ∆1+∆4− 12 +m
Γ∆4−∆1+ 32 +m
Γ2∆4+m
Γm+1
Z2∆4+2m
+
(
∆1 ↔ ∆4 + 1
2
)
(6.21)
The result of the sum:
gd.t(z, z¯) =
−pi3
2
√
u
v
Γ∆1+∆4− 12 Γ∆1− 12 Γ2∆1−1Z
2∆1−1
cos pi(∆4 −∆1) cot(pi∆1)
× 3F (reg)2 (∆1 −
1
2
,∆1 + ∆4 − 1
2
, 2∆1 − 1 : ∆1 + 1
2
,∆1 −∆4 + 1
2
, Z2)
+
(
∆1 ↔ ∆4 + 1
2
)
(6.22)
6.4 Higher loops
Starting from Eq. 6.4, the M -loop bubble diagram Fig. 15 gives:
g
(M)
4 (z, z¯) =
√
u
v
∫
dν
2pi3(B˜ν)
M
sinpi(∆1 − 12 − iν2 ) sinpi(∆4 − iν2 )
Γ∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ∆4+ iν2
Γ1−∆4+ iν2
Ziν
=
√
u
v
2pi3
8M
∫
dν
1
sinM+1(pi iν+1
2
)
sinM−1(piiν
2
)
(iν)M
Γ∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ∆4+ iν2
Γ1−∆4+ iν2
Ziν (6.23)
where in the bottom line we put14 ∆ = 1 in the bubble. In order to simplify the
gamma functions in Eq. 6.23, we put ∆1, ∆4= integer. The simplest case is ∆1 =
14One can also compute for ∆ =integer by using Eq. 3.20.
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∆4 = 1, which gives:
g
(M)
4 (z, z¯) =
√
u
v
2pi4
8M
1
ΓM+1
∞∑
n=0
dM
dhM
([
(h− (2n+ 2))M+1
sinM+1(pi h
2
)
]
sinM−1(pi(h−1)
2
)
(h− 1)M−1 Z
h−1
)
h→2n+2
(6.24)
For M = 2, the sum gives:
g
(2)
4 (z, z¯) = −
√
u
v
piZ
32
[
Φ
(
Z2, 3,
1
2
)− 2 log(Z)Φ(Z2, 2, 1
2
)
+ 2 log2(Z)Φ
(
Z2, 1,
1
2
)]
(6.25)
where the Lerch transcendent was defined in Eq. 6.15. For M = 3, it gives:
g
(3)
4 (z, z¯) =
√
u
v
Z
768
[
− 6Φ(Z2, 5, 1
2
)
+ 9 log(Z)Φ
(
Z2, 4,
1
2
)
+
(
pi2 − 6 log2(Z))Φ(Z2, 3, 1
2
)
+
(− pi2 + 2 log3(Z))Φ(Z2, 2, 1
2
)]
(6.26)
More generally, for ∆1,∆2 =integer and ∆ = 1, we will have sums of the form:
[log(Z)]k2Z
∞∑
n=0
nkZ2n
(n+ 1
2
)k1
= [log(Z)]k2Z(Z2∂Z2)
k
∞∑
n=0
Z2n
(n+ 1
2
)k1
= Z[log(Z)]k2(Z2∂Z2)
k Φ(Z2, k1,
1
2
) (6.27)
where k, k1, and k2 are integers, and in the second equality we simply rewrote the n
k
factor in the sum by introducing the derivative operator (Z2∂Z2)
k. Note that taking
derivatives of the Lerch transcendent simply lowers it’s order, as can be seen by the
following identity:
(β + Z2∂Z2)Φ(Z
2, k1, β) = Φ(Z
2, k1 − 1, β) (6.28)
To summarize this section: we considered the 4-point function with external scaling
dimensions obeying ∆1 −∆2 = 0 and ∆3 −∆4 = 1. We have computed the general
contact and exchange diagrams in position space in terms of hypergeometric func-
tions. We have computed the 1-loop bubble diagram with ∆ = 1 in the bubble. We
have shown that the M -loop bubble diagram for the case of ∆1, ∆4, ∆=integer can
be computed in terms of Lerch transcendent functions of increasing order.
7 2-point bulk-to-bulk correlators
In this section we compute bulk 2-point bubble diagrams in AdS3, with the external
points being x1 and x2 in the bulk, Fig 16. The position space AdSd+1 bulk-to-bulk
propagator is:
G∆(x1, x2) =
Γ∆
2pi
d
2 Γ∆− d
2
+1
ζ−∆2F1(∆,∆− d− 1
2
, 2∆− d+ 1,−4ζ−1) (7.1)
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Figure 16. The diagrams which we consider in section 7. Left: φ4 theory: The 2-point
bulk-to-bulk correlator consisting of a sequence of M -bubbles. Right: φ3 theory: The
2-point bulk-to-bulk correlator consisting of a sequence of M -bubbles.
where ζ = (z1−z2)
2+(~x1−~x2)2
z1z2
is the square of the chordal distance between the two
points x1 and x2. When d =even the bulk propagators above simplify. Interestingly,
in AdS3 the bulk-to-bulk propagator is a power law in ∆:
G∆(x1, x2) =
1
2pi
1√
ζ(ζ + 4)
( 2√
ζ +
√
ζ + 4
)2∆−2
=
1
2pi
1√
ζ(ζ + 4)
η∆−1 (7.2)
where for notational simplicity we introduced the variable η ≡
(
2√
ζ+
√
ζ+4
)2
. The
range of the variable η is 0 ≤ η ≤ 1.
7.1 φ4 bubble diagrams
Consider a φ4 scalar field in AdS. The bubble diagrams Fig. 16-Left gives a contri-
bution to the 2-point function:
〈φ2(x1)φ2(x2)〉bulk (7.3)
The spectral representation of M bubbles is just the Mth power of a single bubble.
g
(M)
2 (η) =
∫ ∞
−∞
dν(B˜ν)
MΩν(x1, x2) =
1
pi
∫ ∞
−∞
dν(B˜ν)
M iνG d
2
+ν(η) (7.4)
where G d
2
+ν(η) is the conformal block. We go to position space by closing the ν
contour and picking up the residues of the poles by using Cauchy’s residue theorem.
For a pole of order M at y = y0:
Res(F (y))
∣∣∣
y=y0
=
1
ΓM
dM−1
dyM−1
[
(y − y0)MF (y)
]∣∣∣
y→y0
(7.5)
Eq. 7.4 gives:
g
(M)
2 (η) =
2
ΓM
∞∑
n=0
d
dM−1h
[
(h− (2n+ 2∆))M(B˜ν)M(h− 1)Gh(η)
]
h→(2n+2∆)
(7.6)
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where h ≡ d
2
+ iν. Now consider the 1-loop bubble M = 1 in AdS3 (d = 2). From
7.2:
g
(1)
2 (η) =
1
2pi
∞∑
n=0
G2∆+2n(η) =
1
4pi2
1√
ζ(ζ + 4)
∞∑
n=0
η2∆+2n−1 = G2∆(η) (7.7)
The sum was just a geometric sum, and it’s result is the bulk propagator squared
G2∆(η). We just recovered the relation obtained in [47, 48]
15, and which we wrote in
Eq. 3.18.
Bubble diagrams for ∆ =integer
Let us start with the M -loop case for ∆ = 1. Using Eq. 2.8 gives:
g˜
(M)
2 (η) =
1
pi8MΓM
∞∑
n=0
d
dM−1h
[(
− (h− (2n+ 2)) cot pih
2
)M
× η
h−1
(h− 1)M−1
]
h→(2n+2)
(7.8)
Where in Eq. 7.8 we absorbed a factor such that g
(M)
2 (η) =
g˜
(M)
2 (η)√
ζ(ζ+4)
. We can compute
these sums by employing the definition of the Lerch transcendent function:
Φ(y, s, α) ≡
∞∑
n=0
yn
(n+ α)s
(7.9)
For M = 2, 3 loops we have from 7.8:
g˜
(2)
2 (η) =
η
64pi3
[
2Φ(η2, 1,
1
2
) log(η)− Φ(η2, 2, 1
2
)
]
(7.10)
and
g˜
(3)
2 (η) =
η
1024pi4
(
3Φ(η2, 4,
1
2
)− 4 log(η)Φ(η2, 3, 1
2
) + (2 log2(η)− pi2)Φ(η2, 2, 1
2
)
)
(7.11)
For general M , one has sums of the form:
[log(η)]k2
∞∑
n=0
η2n+1
(2n+ 1)k1
=
η
2k1
[log(η)]k2 Φ(η2, k1,
1
2
) (7.12)
where k1and k2 are integers. More generally, if the bubbles have ∆=integer, we can
use the expression for the bubble in Eqs. 3.21 and 2.8:
B˜(∆)ν = −
1
8
cot(pih
2
)
(h− 1) −
1
4pi
∆−2∑
j=0
1
2j + 1
( 1
h+ 2j
− 1
h− 2j − 2
)
, ∆ = int (7.13)
15One can also do the same computation in AdS2 and match the relation of [47, 48]. In this case
the sum will be over a LegendreQ function and not a geometric series.
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Plugging this back in Eq. 7.6, we see that we will have two types of terms:
[log(η)]k2
∞∑
n=0
η2n+2∆−1
(n+ ∆− 1
2
)k1
= η2∆−1[log(η)]k2 Φ(η2, k1,∆− 1
2
) (7.14)
and additional sums of the form:
[log(η)]k2
∞∑
n=0
η2n+2∆−1
(n+ k3)k1
= η2∆−1[log(η)]k2 Φ(η2, k1, k3)
= η2∆−1[log(η)]k2
1
η2(k3−1)
[ 1
η2
Polylog(k1, η
2)−
k3−2∑
j=0
η2j
(j + 1)k1
]
(7.15)
where the last equality holds because k3 is an integer, and the Lerch transcendent
function reduces to polylogs. All together, we see that forM bubbles with ∆ =integer
we generally have:
g˜
(M)
2 (η) = η
2∆−1
M−1∑
k1=0
∑
k2=0
a
(M)
k1,k2
Φ
(
η2,M − 1 + k1,∆− 1
2
)
logk2(η)
+ η2∆−1
M−1∑
k1=0
∑
k2,k3
a
(M)
k1,k2
Φ
(
η2,M − 1 + k1, k3
)
logk2(η) (7.16)
Bubble diagrams for ∆ =half-integer
Let us first consider the case ∆ = 3
2
. From Eq. 7.6 and 2.10
g˜
(M)
2 (η) =
8−M
piΓM
∞∑
n=0
d
dM−1h
[(
(h− (2n+ 3)) tan pih
2
)M (1 + 2 cot pih2pi(h−1) )Mηh−1
(h− 1)M−1
]
h→(2n+3)
(7.17)
For M = 2, 3 loops we have:
g˜
(2)
2 (η) =
1
64pi3
(
2 log(η)Li1(η
2)− 3Li2(η2)
)
(7.18)
and
g˜
(3)
2 (η) =
1
512pi4
([
pi2 − 2 log2(η)]Li2(η2) + 10 log(η)Li3(η2)− 15Li4(η2)) (7.19)
where Lin(η
2) is the polylogarithm function of order n. More generally, if the bubbles
have ∆=half-integer we see that we will have terms of the form:
g˜
(M)
2 (η) =
∑
k1,k2
ak1,k2(log(η))
k1Lik2(η
2) , ∆ = half-integer (7.20)
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Resummed φ4 bubbles: conformal O(N) model
Consider again the large N O(N) model on AdS3. The resummation of bubble
diagrams [57] corresponds to the λ-exact bulk 2-point function of two Hubbard-
Stratonovich fields σ:
g2(η) ≡ 〈σ(x1) σ(x2)〉 , where σ = λ√
N
(φi)2 (7.21)
The spectral representation of this 2-point function is (similarly to Eq. 4.2):
g2(η) =
∫ ∞
−∞
dν
λ−1 + 2B˜ν
Ων(x1, x2) , (7.22)
As we saw in section 4, at the bulk conformal point we have λ→∞ and ∆ = 1, and
B˜ν = − cot
pih
2
8(h−1) . So we have:
g2(η) =
64
pi
∞∑
n=0
(n+ 1)2G2n+3(x1, x2) =
32
pi2
1√
ζ(ζ + 4)
∞∑
n=0
(n+ 1)2η2n+2
=
−32
pi2
1√
ζ(ζ + 4)
η2(η2 + 1)
(η2 − 1)3 =
32
pi2
2 + ζ
ζ2(ζ + 4)2
(7.23)
The sum above is simply a geometric series, and we see that we get a very simple re-
sult, much simpler than the perturbative loop results, which gave Lerch transcendent
functions.
7.2 φ3 bubble diagrams
Similarly to previous subsection, we can also compute bulk 2-point bubble diagrams
for scalar L = λχφ2 on AdS3, see Fig. 16-Right. Consider χ to have scaling dimen-
sion δ and φ to have scaling dimension ∆. The M -bubble diagram bulk spectral
representation contributing to the 2-point function 〈χ(x1)χ(x2)〉 is:
g
(M)
2 (η) =
∫ ∞
−∞
dν
(B˜ν)
MΩν(x1, x2)(
(−h− δ + 2)(h− δ)
)M+1 ≡ g(1)χ (η) + g(1)B˜ (η) (7.24)
where g
(1)
χ (η) comes from the pole (of order M + 1) at h = δ:
g(M)χ (η) =
1
piΓM+1
1√
ζ(ζ + 4)
dM
dhM
[(h− 1)(B˜ν)Mηh−1
(−h− δ + 2)M+1
]∣∣∣∣
h=δ
=
1
8pi2ΓM+1
1√
ζ(ζ + 4)
dM
dhM
[ψ(∆− h
2
)− ψ(∆ + h
2
− 1)
(−h− δ + 2)M+1(h− 1)M η
h−1
]∣∣∣∣
h=δ
(7.25)
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where we used Eq. 2.6, and ψ are digamma functions16. We see that g
(M)
χ (η) is
generally given by a combination of polygamma functions (which arise from the
derivatives of digamma functions in Eq. 7.25). On the other hand, g
(1)
B˜
(η) comes
from the tower of poles of the bubble B˜ν at h = 2n + 2∆. Let’s compute it for the
1-loop case M = 1, by using Eq. 2.7:
g
(1)
B˜
(η) =
−1
4pi2
1√
ζ(ζ + 4)
∞∑
n=0
η2∆+2n−1(
(2n+ 2∆ + δ − 2)(2n+ 2∆− δ)
)2
=
−1
4pi2
1√
ζ(ζ + 4)
η2∆−1
16(δ − 1)3
[
− 2Φ(η2, 1,∆− δ
2
) + 2Φ(η2, 1,∆ +
δ
2
− 1)
+ (δ − 1)Φ(η2, 2,∆− δ
2
) + (δ − 1)Φ(η2, 2,∆ + δ
2
− 1)
]
(7.27)
where Φ is the Lerch transcendent function defined in Eq. 7.9. One can go to higher
loops when the bubble scaling dimensions are integer or half-integer, and as in the
previous section we will get Lerch transcendent functions.
7.3 Identity 10
Using Eqs. 2.1, 2.2, and 7.2 a general bulk 2-point function has the following spectral
representation:
g2(η) =
∫ ∞
−∞
dνF˜νΩν(x1, x2) =
1
2pi
∫ ∞
−∞
dνF˜νiνG1+iν(η)
=
1
(2pi)2
1√
ζ(ζ + 4)
∫ ∞
−∞
dνiνF˜νη
iν (7.28)
Now recall Eq. 6.4, and take the s-channel double-discontinuity of both sides, which
cancels the sin denominators (see Eq. 2.15):
dDiscs
[
g
(∆i)
4 (z, z¯)
]
= 2pi3
√
u
v
∫ ∞
−∞
dνF˜ν
Γ∆1− 12 + iν2
Γ−∆1+ 32 + iν2
Γ∆4+ iν2
Γ1−∆4+ iν2
Ziν (7.29)
Now plugging ∆1 = ∆4 = 1, Eq. 7.29 becomes:
dDiscs
[
g
(1,1,2,1)
4 (z, z¯)
]
= 2pi3
√
u
v
∫ ∞
−∞
dνF˜νiνZ
iν (7.30)
16It may be useful to write the polygamma functions in Eq. 7.25 in terms of the Lerch transcendent
function Φ:
ψ(M)(x) = (−1)M+1ΓM+1Φ(1,M + 1, x) (7.26)
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Figure 17. Identity 10: relating the bulk 2-point function on the right, to the double-
discontinuity of the boundary 4-point function on the left. This identity relates the com-
putations of section 6 and section 7. The blob 2-point function with end points x1 and x2
is general. The Witten diagrams correspond to stripped correlators.
Comparing Eqs. 7.28 and 7.30, we get:
Identity 10: dDiscs
[
g
(1,1,2,1)
4 (z, z¯)
]∣∣∣
Z=η
= c g2(η) (7.31)
where c ≡ 8pi5√u
v
√
ζ(ζ + 4). See Fig. 17.
Application: Using Identity 10 we can immediately derive the results of sec-
tion. 7.1 by plugging ∆i = (1, 1, 2, 1) and taking the dDiscs of the results of sec-
tion 6.4.
8 Summary
Most of the results in this work were derived for AdS3. For example, section 6 and
7 relied on simplifications of the conformal block and bulk-to-bulk propagator that
are special to d = 2. Also, many results relied on the simplified d = 2 form of the
1-loop bubble spectral representation, Eqs. 2.6-2.10. There are some results which
hold in any dimension, e.g Identity 1, 2, 3, and 8 of sections 3 and A.2.
It is possible to extend the results of this work in several directions [66]. Two
such directions are to consider different space-time dimensions, i.e AdSD 6=3, and
considering spinning particles in AdS. One complication that would arise in these
cases is the need to deal with UV divergences. For example, it should be possible
to extend the computations of section 7 to AdS5, by using the fact that the bulk-to
bulk propagator simplifies to a power law. Likewise, it should be possible to extend
some of the results of section 6 to AdS2 and AdS5, because the conformal blocks
simplify in these dimensions.
Regarding spinning particles in AdS, in [57] we computed the fermion bubble
spectral representation in AdS3 and AdS2. Thus, it seems that many of the results of
this paper can be extended to fermions with ψ4 coupling or with a Yukawa coupling
to a scalar field, [66]. In particular, the finite coupling resummed 4-point function of
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Figure 18. Identity 7′ gives a reduction of half-integer bubbles. The difference between
this figure and Fig. 8 is that here the external legs are integer scaling dimensions and the
bubble is half-integer, whereas in Fig. 8 it is the opposite. The grey blob is general, the
numerical coefficients are suppressed, and the diagrams correspond to stripped correlators.
the large-N O(N) model of section 4 can be extended to the large N Gross-Neveu
model on AdS3.
The results of this paper were done for a special class of loop diagrams, i.e the
bubble diagrams. It would be interesting to obtain analytic results for loop ampli-
tudes which are not bubble diagrams. A relatively simple extension is to consider
the sunset diagram instead of the bubble, as the basic building block. A more diffi-
cult extension is that of ”generalized bubble functions”, of which melonic diagrams
in AdS are an example. Another class of diagrams are ladder diagrams in AdS, of
which the 1-loop box diagram and triangle diagram are an example of. We leave
these computations for future work. Computations of amplitudes in flat space-time
have led to the discovery of remarkable new structures and dualities. It is our hope,
that computing loop amplitudes in AdS would likewise uncover new interesting struc-
tures.
Acknowledgements: I especially thank Lorenzo Di Petro and Xinan Zhou for
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A More identities for Witten diagrams
In this section we derive two more identities, adding to the eight identities shown in
the main text.
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A.1 Identity 7
Similarly to Identity 6 of subsection 3.6, here we derive an identity for the bubble of
scaling dimension ∆ = 3
2
. Using Eqs. 2.19, 2.20, and 2.10 gives:
Identity 7: U
(∆1,2−∆1,∆= 32 )
B =
1
16
U
(∆1− 12 , 32−∆1)
A.V −
1
4pi
U
(∆1,2−∆1,∆=1)
V (A.1)
In the particular case when ∆2 = ∆1, we have:
U
(1,1,∆= 3
2
)
B =
1
16
U
( 1
2
, 1
2
)
A.V −
1
4pi
U
(1,1,∆=1)
V (A.2)
Eq. A.1 can be generalized to the case of arbitrary integer dimension ∆1+∆2
2
= N+1,
where N is an integer:
Identity 7’: U
(∆1,2N+2−∆1,∆= 32 )
B =
N∑
n=0
aˆnU
(∆1−N+n− 12 ,N+n+ 32−∆1)
A.V −
U
(N+1,N+1,∆=1)
V
4pi
(A.3)
When ∆2 = ∆1 this relation is:
U
(N+1,N+1,∆= 3
2
)
B =
N∑
n=0
anU
(n+ 1
2
,n+ 1
2
)
A.V −
1
4pi
U
(N+1,N+1,∆=1)
V (A.4)
This is shown in Fig. 18.
A.2 Identity 8
Consider the s-channel double-discontinuity of the 4-point function, written in Eq. 2.16.
Using this equation we now derive an identity for dDiscs
[
g
(∆i)
4 (z, z¯)
]
for two choices
of external scaling dimensions: ∆i and ∆
′
i. In order for the second line of Eq. 2.16
to be invariant, we must impose:
∆1 −∆2 = ∆′1 −∆′2 and ∆4 −∆3 = ∆′4 −∆′3 (A.5)
In order for the gamma functions in the square brackets of Eq. 2.16 to be invariant,
we impose:
∆1 + ∆2
2
− d
4
= 1− ∆1 + ∆2
2
+
d
4
and
∆3 + ∆4
2
− d
4
= 1− ∆3 + ∆4
2
+
d
4
(A.6)
And
∆′1 + ∆
′
2
2
− d
4
= 1− ∆
′
3 + ∆
′
4
2
+
d
4
(A.7)
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Figure 19. Identity 8: a relation for the dDiscs of the 4-point function with different
choices of the external scaling dimensions. ∆1, ∆4, and ∆
′
1 are arbitrary. The blob 2-point
function with end points x1 and x2 is general, and the diagrams correspond to stripped
correlators.
These choices in fact make the square brackets of Eq. 2.16 equal to 1. We solve
Eqs. A.5-A.7, with the result:
Identity 8: dDiscs
[
g
(∆i)
4 (z, z¯)
]
= dDiscs
[
g
(∆′i)
4 (z, z¯)
]
(A.8)
where we defined:
∆i ≡
(
∆1, 1 +
d
2
−∆1, 1 + d
2
−∆4, ∆4
)
∆′i =
(
∆′1, ∆
′
1 − 2∆1 + 1 +
d
2
, 1 +
d
2
−∆′1 + ∆1 −∆4,−∆′1 + ∆1 + ∆4
)
(A.9)
Where ∆1, ∆4, and ∆
′
1 are completely general. Identity 8 of Eq. A.8 is shown in
Fig. 19. A special case of Identity 8 is when d = 2, ∆1 = ∆4 = 1, and ∆
′
1 =
3
2
, which
gives:
dDiscs
[
g
(1,1,1,1)
4 (z, z¯)
]
= dDiscs
[
g
( 3
2
, 3
2
, 1
2
, 1
2
)
4 (z, z¯)
]
(A.10)
This identity was discussed below Eq. 5.15.
B Computing a sum
In this section we compute the sum in Eq. 4.9.
Computing the bubble sum
Let us start with the sum of Eq. 4.9.
SB(z, z¯) ≡
∞∑
n=0
(2n+ 2)2Qn+ 1
2
(zˆ)Qn+ 1
2
(ˆ¯z) (B.1)
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We will first compute a different sum:
ŜB(z, z¯) ≡
∞∑
n=0
Qn+ 1
2
(zˆ)Qn+ 1
2
(ˆ¯z) (B.2)
One can get the sum SB by applying the Casimir operator on the sum ŜB:
SB(z, z¯) =
(
1 + 2Dz,z¯
)
ŜB(z, z¯) (B.3)
where Dz,z¯ is given in Eq. 3.6. Now we show how to compute the sum ŜB analytically.
We will use two results, given on pages 403 and 230 respectively of17 [67]:
∞∑
n=0
Qn+ 1
2
(zˆ) =
pi
2
3
2
1√
zˆ − 1 −
1
2
Q− 1
2
(zˆ) (B.5)
and ∫ ∞
a
dxQν(
x
c
)√
(x− a)(x− b) = Qν(zˆ)Qν(
ˆ¯z) (B.6)
where a, b, and c are related to zˆ and ˆ¯z via
zˆ =
√
1 + d2
d
, ˆ¯z =
√
4c2 + (a− b)2d2
2c
(B.7)
where d is another parameter which obeys:
(1 + d2)(4c2 + d2(a− b)2) = (a+ b)2d2 (B.8)
Solving Eq. B.8 for d2 gives:
d21,2 = 2
ab− c2 ±√c4 − c2(a2 + b2) + a2b2
(a− b)2 (B.9)
We now compute our desired sum in ŜB:
ŜB(z, z¯) =
∞∑
n=0
Qn+ 1
2
(zˆ)Qn+ 1
2
(ˆ¯z) =
∞∑
n=0
∫ ∞
a
dxQn+ 1
2
(x
c
)√
(x− a)(x− b)
=
∫ ∞
a
dx√
(x− a)(x− b)
∞∑
n=0
Qn+ 1
2
(
x
c
)
=
pi
2
3
2
∫ ∞
a
dx√
(x− a)(x− b)
1√
x
c
− 1 −
1
2
∫ ∞
a
dx
Q− 1
2
(x
c
)√
(x− a)(x− b)
=
pi
2
3
2
∫ ∞
a
dx√
(x− a)(x− b)
1√
x
c
− 1 −
1
2
Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z) (B.10)
17Note that when c = b, one gets d2 = 2ba−b and zˆ = ˆ¯z =
√
a+b√
2b
. In this case, Eq. B.6 matches
with Eq. 3 of page 232 of [67]:∫ ∞
a
dxQν(
x
b )√
(x− a)(x− b) = Q
2
ν
(√a+ b
2b
)
(B.4)
.
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In the first line we used Eq. B.6. In the second line we exchanged the summation
and integration. To get the third line we used Eq. B.5. To get the fourth line we
used Eq. B.6 again.
We are only left with computing the integral in the last line of Eq. B.10, and it
can be solved by mathematica:
√
c
∫ ∞
a
dx√
(x− a)(x− b)(x− c) =
2
√
c
a− cK(
√
b− c
a− c) (B.11)
where K is the elliptic integral of the 1st kind:
K(x) =
pi
2
2F1(
1
2
,
1
2
, 1, x2) =
pi
2
+
pi
8
x2 + . . . (B.12)
Thus, Eq. B.10 gives:
ŜB(z, z¯) =
pi
2
3
2
2
√
c√
a− cK(
√
b− c
a− c)−
1
2
Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z) (B.13)
The reader can easily check that this result is correct by plugging numerical values
on both sides. Using Eq. B.3 we finally have:
SB(z, z¯) =
(
1 + 2Dz,z¯
)[ pi
2
3
2
2
√
c√
a− cK(
√
b− c
a− c)−
1
2
Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z)
]
(B.14)
We can alternatively write the elliptic integral above as K(
√
y) = Q− 1
2
(2y − 1), and
then both terms are Legendre functions:
SB(z, z¯) =
(
1 + 2Dz,z¯
)[ pi
2
3
2
2
√
c√
a− cQ− 12
(
2
b− c
a− c − 1
)
− 1
2
Q− 1
2
(zˆ)Q− 1
2
(ˆ¯z)
]
(B.15)
The double-trace sum
Consider the sum arising from the double-trace poles, Eq. 4.8:
Sd.t(z, z¯) ≡
∞∑
n=0
(2n+ 1)2Qn(zˆ)Qn(ˆ¯z) (B.16)
Now consider the simpler sum Ŝd.t:
Ŝd.t(z, z¯) =
∞∑
n=0
Qn(zˆ)Qn(ˆ¯z) (B.17)
The two sums are related via:
Sd.t(z, z¯) =
(
1 + 2Dz,z¯
)
Ŝd.t(z, z¯) (B.18)
Using similar methods to those in this section, we attempted to compute this sum.
However, in the final stage of the computation we encounter a complicated integral,
and we did not manage to perform this integral analytically.
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C Derivation of the 4-point function spectral representation
Consider the spectral representation of the 4-point function with scaling dimensions
∆1,∆2,∆3,∆4. As we wrote in Eq. 2.11, the Witten diagram is given by:
ĝ4 =
∫
dx1dx2F (x1, x2)K∆1(P1, x1)K∆2(P2, x1)K∆3(P3, x2)K∆4(P4, x2) (C.1)
where the integrals are over AdSd+1 space. The spectral representation of the bulk
2-point function, Eq. 2.1, is:
F (x1, x2) =
∫ ∞
−∞
dνF˜νΩν(x1, x2) (C.2)
We write the split representation of the AdS harmonic function Ων :
Ων(x1, x2) =
ν2
√
C d
2
+iνC d
2
−iν
pi
∫
dP0K d
2
+iν(P0, x1)K d
2
−iν(P0, x2) . (C.3)
where the P0 integral is over the boundary, and where
C∆ ≡ Γ∆
2pid/2Γ∆− d
2
+1
. (C.4)
Plugging Eqs. C.2 and C.3 inside Eq. C.1 gives:
ĝ4 =
∫
dνF˜ν
ν2
√
C d
2
+iνC d
2
−iν
pi
∫
dP0
∫
dx1K∆1(P1, x1)K∆2(P2, x1)K d
2
+iν(P0, x1)
×
∫
dx2K∆3(P3, x2)K∆4(P4, x2)K d
2
−iν(P0, x2)
(C.5)
We can now perform the bulk integrals over x1 and x2 since they are just three-point
functions:∫
dxKa(P1, x)Kb(P2, x)Kc(P3, x) =
Ba,b,c
(P12)
a+b−c
2 (P23)
b+c−a
2 (P31)
c+a−b
2
, (C.6)
with
Ba,b,c ≡ pi
d
2
2
Γ− d
2
+a+b+c
2
√
CaCbCc
Γa+b−c
2
Γa−b+c
2
Γ−a+b+c
2
ΓaΓbΓc
. (C.7)
We are left with the integral over P0, which is just the shadow representation of the
conformal partial wave, [68, 69]:
∫
dP0
1
(P12)
∆1+∆2− d2−iν
2 (P34)
∆3+∆4− d2 +iν
2
(P01)
∆1−∆2+ d2 +iν
2 (P20)
∆2−∆1+ d2 +iν
2 (P40)
∆4−∆3+ d2−iν
2 (P03)
∆3−∆4+ d2−iν
2
=
(
P 214
P 224
)∆2−∆1
2
(
P 214
P 213
)∆3−∆4
2
(P12)
∆1+∆2
2 (P34)
∆3+∆4
2
(
k∆3,∆4d
2
−iν K
∆i
d
2
+iν
(z, z¯) + k∆1,∆2d
2
+iν
K∆id
2
−iν(z, z¯)
)
, (C.8)
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where K∆(z, z¯) is the d-dimensional scalar conformal block with exchanges scaling
dimension ∆, and ka is given in Eq 3.4 of [69]
k∆3,∆4d
2
−iν =
pi
d
2 Γ−iνΓ d
4
+ iν
2
−∆34
2
Γ d
4
+ iν
2
+
∆34
2
Γ d
2
+iνΓ d
4
− iν
2
−∆34
2
Γ d
4
− iν
2
+
∆34
2
. (C.9)
Therefore we finally obtain the result of Eq. 2.12:
ĝ4 = A∆i
∫
dνF˜ν ×
Γ
∆1+∆2
2
+
iν− d2
2
Γ
∆1+∆2
2
− iν+
d
2
2
Γ
∆3+∆4
2
+
iν− d2
2
Γ
∆3+∆4
2
− iν+
d
2
2
ΓiνΓ d
2
+iν(
Γ
∆2−∆1
2
+
iν+ d2
2
Γ
∆1−∆2
2
+
iν+ d2
2
Γ
∆3−∆4
2
+
iν+ d2
2
Γ
∆4−∆3
2
+
iν+ d2
2
)
K∆id
2
+iν
(z, z¯) (C.10)
where we defined:
A∆i ≡ c
(
P214
P224
)∆2−∆1
2
(
P214
P213
)∆3−∆4
2
(P12)
∆1+∆2
2 (P34)
∆3+∆4
2√
Γ∆1Γ∆2Γ∆3Γ∆4Γ∆1− d2 +1Γ∆2− d2 +1Γ∆3− d2 +1Γ∆4− d2 +1
(C.11)
where c is a numerical factor which will be unimportant for us. In this paper we will
consider the stripped correlator g4(z, z¯):
g4(z, z¯) ≡ 1
A∆i
ĝ4 (C.12)
g4 is a function of the cross-ratios (z, z¯), and is written in the main text in Eq. 2.12.
D More general diagrams
We will show in this section that the (stripped) N point function with a pair of bulk-
to-boundary propagators originating from the same vertex x1, depends on ∆1 + ∆2
only through the factor U
(∆1,∆2)
A.V , defined in Eq. 2.18. We will use this result in
Eq. 2.22. Consider the diagram in Fig. 2, which is given by:
ĝN(P1, P2, {Pi}) =
∫ i=N∏
i=2
ddxi(Blob)×
∫
ddx1G∆(x1, x2)K∆1(P1, x1)K∆2(P2, x1)
(D.1)
– 42 –
We focus on the dependence of this diagram on ∆1 and ∆2. The factor (Blob) does
not depend on ∆1 and ∆2. Let us look at the second factor:∫
ddx1G∆(x1, xj)K∆1(P1, x1)K∆2(P2, x1)
=
∫ ∞
−∞
dν
ν2 + (∆− d
2
)2
∫
ddx1Ων(x1, x2)K∆1(P1, x1)K∆2(P2, x1)
=
∫ ∞
−∞
dν
ν2
√C d
2 +iν
C d
2−iν
pi
ν2 + (∆− d
2
)2
∫
dP0K d
2
−iν(P0, x2)
×
∫
ddx1K d
2
+iν(P0, x1)K∆1(P1, x1)K∆2(P2, x1) (D.2)
Let us look at the 3-point function on the last line. From Eq. C.6:∫
ddx1K d
2
+iν(P0, x1)K∆1(P1, x1)K∆2(P2, x1) = A0 × U (∆1,∆2)A.V (ν)× U2(P0, ν) (D.3)
where we separated the result into 3 functions:
A0 ≡ pi
d
2
2
√C∆1C∆2
Γ∆1Γ∆2(P12)
∆1+∆2
2
, U
(∆1,∆2)
A.V (ν) ≡ Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
(D.4)
and
U2(P0, ν) ≡
√C d
2 +iν
Γ d
2 +iν
Γ∆1−∆2+ d2 +iν
2
Γ−∆1+∆2+ d2 +iν
2
(P12)
−( d2 +iν)
2 (P20)
∆2−∆1+ d2 +iν
2 (P01)
d
2 +iν+∆1−∆2
2
(D.5)
Plugging this back in Eq. D.2 and D.1, gives:
ĝN(P1, P2, {Pi}) = A0
pi
∫ ∏
i=2
ddxi(Blob)
∫ ∞
−∞
dν
ν2
√
C d
2
+iνC d
2
−iν
ν2 + (∆− d
2
)2
× Γ∆1+∆2
2
− d
4
+ iν
2
Γ∆1+∆2
2
− d
4
− iν
2
[ ∫
dP0K d
2
−iν(P0, x2)× U2(P0, ν)
]
(D.6)
A0 does not depend on ν or on P0, so it is a constant for our purpose, and therefore
we can just strip off this factor. The U2 factor depends on the difference ∆1 − ∆2,
but not on ∆1 + ∆2. So the only factor which depends non-trivially on both ν and
∆1 +∆2 are the gamma functions in the bottom line of Eq. D.6. This simplicity gives
rise to many of the identities derived in this paper. We used Eq. D.6 in Eq. 2.22.
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Figure 20. Left: The 5-point tree-level exchange diagram.
D.1 Example: the 5-point tree-level exchange diagram
Let us show an explicit example of the observations above, for the 5-point tree-level
exchange diagram, see also [63, 64]. We start with the spectral representation of the
5-point tree level Witten diagram, Fig. 20. This Witten diagram is given by:
ĝ5(P1, P2, P3, P4, P5) =
∫
ddx1d
dx2d
dx3Gδ1(x1, x3)Gδ2(x2, x3)
×K∆1(P1, x1)K∆2(P2, x1)K∆3(P3, x4)K∆4(P4, x2)K∆5(P5, x2) (D.7)
where there are 2 exchanges of operators with scaling dimension δ1 and δ2. We will
be concise in this section, because the computation is very similar to the 4-point
function done in the previous section. We write the spectral representation of the
exchanged bulk-to-bulk propagators as in Eq. 2.4:
Gδ1(x1, x3) =
∫ ∞
−∞
dν1Ων1(x1, x3)
ν21 + (δ1 − d2)2
, Gδ2(x2, x3) =
∫ ∞
−∞
dν2Ων2(x2, x3)
ν22 + (δ2 − d2)2
(D.8)
we can now write the split representations of Ων1 and Ων2 , as in Eq. C.3, and perform
the conformal 3-point integrals, and get:
ĝ5 =
1
pi2
∫ ∞
−∞
dν1dν2ν
2
1ν
2
2
√
C d
2
+iν1
C d
2
−iν1C d2 +iν2C d2−iν2
B∆1,∆2, d2 +iν1
B∆4,∆5, d2 +iν2
B∆3, d2−iν1, d2−iν2
(ν21 + (δ1 − d2)2)(ν22 + (δ2 − d2)2)
×Ψ∆id
2
+iν1,
d
2
+iν2
(xi) (D.9)
where C∆ and Ba,b,c are written in Eqs. C.4 and C.7, and Ψ∆i∆a,∆b is the 5-point
conformal partial wave:
Ψ∆i∆a,∆b(xi) =
∫
ddyad
dyb〈O1O2Oa〉〈O˜aO3Ob〉〈O˜bO4O5〉 (D.10)
Let us write a few formulas from [69, 70], which computed these 5-point conformal
blocks,
Ψ∆i∆a,∆b(xi) = P∆i∆a,∆bL∆i∆a,∆bM∆i∆a,∆b(wi) (D.11)
– 44 –
where wi are cross-ratios, and
M∆i∆a,∆b(u1, v1, u2, v2, w) = k∆3,∆b∆˜a k
∆4∆5
∆˜b
g∆i∆a,∆b(wi) (D.12)
and k is written in Eq. C.9, and
L∆i∆a,∆b(xi) =
(
x223
x213
)∆12
2
(
x224
x223
)∆3
2
(
x235
x234
)∆45
2
(x212)
∆1+∆2
2 (x234)
∆3
2 (x245)
∆4+∆5
2
(D.13)
and
P∆i∆a,∆b =
pid
Γ(∆a+∆12
2
)Γ(∆a−∆12
2
)Γ( ∆˜b+∆45
2
)Γ( ∆˜b−∆45
2
)Γ( ∆˜a+∆b−∆3
2
)Γ(∆a−∆˜b+∆3
2
)
(D.14)
The conformal block g∆i∆a,∆b(wi) in Eq. D.12 was computed [69, 70] in d = 1, 2 in
terms AppellF2 functions.
Similarly to the 4-point case, the 5-point conformal partial wave Ψ∆i∆a,∆b depends
on ∆1 + ∆2 and ∆4 + ∆5 only through the overall factor L∆i∆a,∆b(xi), which we strip
off. Looking at Eq. D.9, this means that all of the non-trivial dependence of the
spectral representation of g5 on ∆1 + ∆2 and ∆4 + ∆5 comes from the factor:
B∆1,∆2, d2 +iν1
B∆4,∆5, d2 +iν2
3 Γ
∆1+∆2
2
+
iν1− d2
2
Γ
∆1+∆2
2
− iν1+
d
2
2
Γ
∆4+∆5
2
+
iν2− d2
2
Γ
∆4+∆5
2
− iν2+
d
2
2
(D.15)
The gamma functions on the right hand side are the factor U
(∆1,∆2)
A.V ×U (∆3,∆4)A.V , defined
in Eq. 2.18. We see that this very similar to the 4-point case of section C, and in
particular it is clear that Identity 3 and 3’ of Eqs. 3.14 and 3.16 will hold for the 5-
point case of this section. An application of this identity is that one can write certain
5-point exchange diagrams as a finite sum of 5-point contact diagrams, Fig. 6a.
E The 4-point ∆12 = 0, ∆34 = 1 contact diagram from Mellin
space
In this note subsection we compute, starting from the Mellin representation, the
contact diagram in the case when a ≡ ∆1−∆2
2
= 0 and b ≡ ∆3−∆4
2
= 1
2
. As we will
see, the contact diagram (i.e D¯∆1,∆1,∆4+1,∆4) will be given by a hypergeometric 2F1.
This matches the result of section 6.1, obtained from the spectral representation.
The Mellin representation of the 4-point amplitude, see e.g [59]:
g4(u, v) =
∫
dtdsM(s, t)u
t
2v−
s+t
2 (Γ∆1+∆2−t
2
Γ∆3+∆4−t
2
)(Γ∆34−s
2
Γ−∆12−s
2
)(Γ t+s
2
Γ t+s+∆12−∆34
2
)
(E.1)
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Putting ∆12 = 0 and ∆34 = 1 and M(s, t) = c = const for contact diagrams:
g4(u, v) = c
∫
dtds u
t
2v−
s+t
2 (Γ∆1+−t2
Γ∆4+ 12 +
−t
2
)(Γ 1−s
2
Γ−s
2
)(Γ t+s
2
Γ t+s−1
2
) (E.2)
Using a gamma function identity ΓzΓz+ 1
2
=
√
pi21−2zΓ2z, the last two gamma function
pairs can be simplified:
g4(u, v) = 8pic
∫
dtds 2−tu
t
2v−
s+t
2 (Γ∆1− t2 Γ∆4+ 12− t2 )Γ−sΓt+s−1 (E.3)
For concreteness let us choose v such that we can close the s contour integral to the
right. There are poles only from Γ−s at spoles = m, where m = 0, 1, 2, . . .. So we
need to perform the sum:∫
dsv−
s
2 Γ−sΓt+s−1 → 2pi
∞∑
m=0
Γt+m−1
Γm+1
(−1)mv−m2 = 2piΓt−1
(
1 +
1√
v
)1−t
(E.4)
We are left with the following t integral:
g4(u, v) = 16pi
2c
∫
dtu
t
2v−
t
2 2−t
(
1 +
1√
v
)1−t
(Γ∆1− t2 Γ∆4+ 12− t2 )Γt−1 (E.5)
Let us assume that u and v are in the range that we can close the t-contour to the
left. There are only poles from Γt−1, at tpoles = 1 −m, where m = 0, 1, 2, . . .. From
the residue theorem we get the following sum:
g4(u, v) = 16pi
3c
∞∑
m=0
u
1−m
2 v−
1−m
2 2m
(
1 +
1√
v
)mΓ∆1+m−12 Γ∆4+m2
Γm+1
(E.6)
The result of this sum:
g4(u, v) = 16pi
3c
√
u
v
[
Γ∆4Γ∆1− 12 2F1
(
∆4,∆1 − 1
2
,
1
2
,
(
√
v + 1)2
u
)
− 21 +
√
v√
u
Γ∆1Γ∆4+ 12 2
F1
(
∆4 +
1
2
,∆1,
3
2
,
(
√
v + 1)2
u
)]
(E.7)
This matches the result Eq. 6.7, obtained from the spectral representation. Now if
we further take ∆4 = ∆1, the 2F1 simplifies, an we get:
g4(u, v) = 16pi
3cΓ∆1Γ∆1− 12
√
u
v
(
1 +
1 +
√
v√
u
)1−2∆1
(E.8)
As in Eq. 6.9. Note that Z from section 6 is related to the cross ratios u and v as
(Z+1)2
2Z
= 1 + 1+
√
v√
u
.
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